
PHYS 531 5th HWA: Scattering Theory 2
1. Overview of the partial wave expansion

Remember that the program of scattering theory is to solve for the stationary
states of the hamiltonian [

∇2 + k2 − U
]
ψ = 0

subject to the boundary condition

ψ(r →∞)→ ψasy = ψ → ei
~k·~r + f(θ, φ, k)

eikr

r

where we label ψasy the asypmtotic wavefunction. Of course the experimental

setup is such that ~k = kẑ so that the first term above is a plane wave and its
expression in spherical coordinates are

eikr cos θ

Now we shall make a further simplifying assumption. Since ~k = kẑ, if
the potential depend only on r there is a cylindrical symmetry in the entire
experimental setup. So the function f can not depend on φ and neither can
ψ -everywhere-. This allows for a nice expansional tool using the Legendre
polynomials.
The expansion of ψasy

To that end we can certainly expand ψasy in terms of Pl(cos θ). The following
can be found from mathematical physics books

eikr cos θ =

∞∑
l=0

il(2l + 1)jl(kr)Pl(cos θ)

and also define

f(θ, k) =
∑
l

fl(k)Pl(cos θ)

Now let us remember the asymptotic forms of the Bessel and Neumann
functions

jl(kr →∞) → 1

kr
sin (kr − lπ/2)

ηl(kr →∞) → − 1

kr
cos (kr − lπ/2)

We can combine these and arrive at an expression for ψasy. First of all note
that the incoming plane wave, being eikz has partial spherical waves which are
both incoming and outgoing. This is to be expected because for z < 0 this is
a wave incoming towards the center and for z > 0 it is a wave that goes away
from the center, towards the forward zone.
The use of the eigenvalue equation equation

Now is the potential vanishes for some r > rmax. The eigenvalue equation
becomes that of a free particle[

∇2 + k2
]
ψ = 0 for r > rmax
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in spherical coordinates this is[
d2

dr2
+

2

r

d

dr
− l(l + 1)

r2
− k2

]
ψ = 0

The equation has two independent solutions for a given l and k and they are
jl(kr) and ηl(kr).

So the general solution for the wavefunction in the region r > rmax can be
expanded as

ψout ≡ ψ(r > rmax) =
∑
l

[Bl(k)jl(kr) + Cl(k)ηl(kr)]Pl(cos θ)

Surely one also has to solve the equation for r ≤ rmax, find ψ(r ≤ rmax)
and at paste the solutions at r = rmax using the continuity condition on the
wavefunction. Though it must be done, right now we are not interested in that:
The method of partial waves introduces a general framework.

It remains to find the asymptotic form of ψout and equate it to the boundary
condition ψasy.

You can show that the following can be established

ψout(r →∞) =
Al(k)

kr
sin

(
kr − lπ

2
+ δl(k)

)
with

Al ≡
√
B2
l + C2

l

δl(k) ≡ − tan−1
(
Cl
Bl

)
Now we can certainly to ψasy = ψout(r →∞) to get the following condition

on the expansion coefficients and along the way find f(θ).

Al = il(2l + 1)eiδl

fl =
2l + 1

2ik

[
e2iδl − 1

]
This establishes a framework for what must be done. We have to calculate

δl using the boundary conditions at r = rmax.

The physical meaning of δl
It can be shown that the asymptotic form of the wavefunction has the fol-

lowing spherical wave components

ψout(r →∞) = − Al
2ik

e−iδl
[
e−i(kr−lπ/2

r
− Sl

ei(kr−lπ/2)

r

]
with

Sl ≡ e2iδl
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Digression: Now remember that the incident plane wave has ”spherical” wave
components which are both incoming and outgoing. The partial wave expansion
allows us to create a language that for a given l the effect of the scattering can
at most be to introduce a relative phase Sl among the incoming and outgoing
partial waves. This makes much sense since if only a fixed l spherical wave
is incoming its current is given and this must be equal to the current of the
outgoing partial wave of the same l. Thus the difference can a most be a phase.

This is deeply related to the fact that whatever operations we perform on
a state, in the language of our abstract formalism we can say that it must
be a unitary transformation. The fact that the relative amplitudes turn out
to be phases is thus more than welcome because the eigenvalues of a unitary
matrix are phases. Thus in a sketchy language, scattering process is taking the
large column vector -infinite dimensional for l = 0, 1, 2, · · · - of incoming states,
perform a unitary transformation on them and the result is the outgoing column
vector.

This has to be expected of course because the hamiltonian is hermitean and
evolution is unitary.
Generic results of the partial wave expansion

Using the orthogonality relations of the Legendre polynomias we can find

σTOT =

∫
|f(θ)|2dΩ =

∞∑
l=0

σl

where

σl =
4π

k2
(2l + 1) sin2 δl

Now using that fact that for θ = 0 one has Pl(1) = 1 one can also show that

σTOT =
4π

k
Imf(θ = 0, k)

This relation which connects the forward scattering amplitude -waves that are
scattered behind the scattering object!!!- to the total cross section is called the
optical theorem. It is a direct consequence of current conservation and hence in
broader terms to unitary evolution.

See that this gives us an unambiguous clue that the forward scattering am-
plitude is not generally zero since there has to be a total scattering which is
non-zero.

This is one of the major differences between corpuscular approaches and
wave approaches. There is no all out limit from one to the other.

2. The Born Approximation to the Lippmann-Scwinger
equation

Remember that we have found the integral equation for the wavefunction
-valid everywhere- to be

ψ(~r) = ψ0(~r)− 1

4π

∫
d3~ρ

eik|~r−~ρ|

|~r − ~ρ|
U(~ρ)ψ(~ρ)
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this equation can be iterated to get a series approach. The first order approxi-
mation is of course

ψ(~r) ≈ ψ0 −
1

4π

∫
d3~ρ

eik|~r−~ρ|

|~r − ~ρ|
U(~ρ)ψ0(~ρ)

The asymptotic form for the approximate solution can be established by
using |~r − ~ρ| → r − r̂ · ~ρ as r →∞. From our well defined form of ψasy one can
then read the function f

fB(θ, k) = − 1

4π

∫
d3 ~ρe~κ·~ρ U(~ρ)

with ~κ = ~k − ~k′ and surely ~k = kẑ and ~k′ = kr̂. Here ẑ is the direction of the
incident wave and r̂ is driected the location of the part of the detector we are
interested. Be careful about the angular variables in the integral and angular
variables of the lab which are fixed.

One can show that

κ = 2k sin(
θ

2
)

and further if we assume that the potential is radial we finallt get

fB = − 1

κ

∫ ∞
0

dr r sin(κr)U(r)

and of course

dσB
dΩ

= |fB |2

A worked example: The hard sphere potential
Remember that we still have to solve for the eigenvalue equation for r ≤ rmax.

In the case of the hard sphere potential where

U(r) =

{
∞ r ≤ a
0 r > a

But this simply states that ψ(r ≤ a) = 0 and the only thing we have to do
is to paste the ψ(r > a) solution to this. This reads∑

l

[Bljl(ka) + Clηl(ka)]Pl(cos θ) = 0

which can only be generally solved for

Cl = −Bl
jl(ka)

ηl(ka)

which means that

tan δl =
jl(ka)

ηl(ka)
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THAT’S IT! This is a very useful model indeed. Remember that the scattering
amplitude depends only on δl and we do not have to bother with calculating Al.

Now two limits can be observed and for both the behaviour of the Bessel
and Neumann functions are well listed.

For ka << 1 this implies

tan δl = − (ka)2l+1

(2l + 1)!!(2l − 1)!!

This vanishes very fast with increasing l and thus the total effect is domi-
nated by l = 0. Since j0(u) = u−1 sinu and η0(u) = −u−1 cosu we can imme-
diately get

δ0 = −ka

and thus in this limit

σTOT → 4πa2 ka << 1

For ka >> 1 one can arrive at the following using the asymptotic behaviours
of Bessel and Neumann -see the beginning of this document-

δl ≈
lπ

2
− ka

since ka >> 1 we can first let lmax ≡ ka and then take the limit of the
following expression

σTOT(lmax) =
4π

k2

lmax∑
l=0

(2l + 1) sin2

(
lπ

2
− ka

)
pair successive terms and used trigonometric identities to arrive at

σTOT(lmax) =
4π

k2

lmax∑
l=0

l = 2πa2

and thus in the limit lmax →∞

σTOT = 2πa2 ka >> 1

So this is the way partial wave expansion method works. The details depend
on the form of the potential. In particular solving for ψ(r < rmax) can prove
to ve very difficult. That is why the Born approximation is also of central
importance.

HWA5 Begins here
1. Find the Born approximation |fB | for the following potentials -note that

V(r) is given and all parameters are positive.
1-1. Yukawa potential

V (r) = −VoL
r
e−r/R
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1-2. The Spherical obstruction

V (r) =

{
Vo r ≤ R
0 r > R

1-3. The Gaussian obstruction

V (r) = Voe
−r2/R2

1-4. Coulomb potential

V (r) = −V0L
r

1-4. Polarization potential

V (r) = VoL
4 1

(r2 + d2)
2

1-5. Check that the limit Yukawa to Coulomb works with R→∞

2. For all of the above attemp to calculate σTOT -still of course the Born
approximation-, some might turn out to explode. Contrast with the optical
theorem which is exact.

3-1. Solve the spherical obstruction problem EXACTLY using the partial
wave expansion tehcnique. Hint: in the interior region r ≤ R the exact eigen-
value equation is simple, just do k2 → k2−U0. Find the kR << 1 and kR >> 1
limits and calculate σTOT . Contrast these result with those you can obtain from
1-2.

3-2. In 3-1 consider the limit V0 →∞ which should formally approach that
of the hard sphere potential. Does it?

4. Show that the in the Born approximation the total cross section behaves
as AE−1 as E →∞. A is a constant and of course E = ~2k2/2µ
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