
PHYS 531 7th HWA

Before we go on I would like to classify the word ”perturbation” since we
are using it very much. Generally perturbation theory is used whenever one can
not solve the Schroedinger equation.

There are various categories one can comtemplate

1. The full hamiltonian is time independent -for all times-:

• Exact eigenfunctions of the hamiltonian can be found: In this case
we know how to solve the Schroedinger equation.

• Exact eigenfunctions of the hamiltonian can not be found: In this
case we separate the hamiltonian into a part that can be solved ex-
actly and another part that one can -if one can- consider as small.
That is the corrections to the eigenvalues and eigenfunctions will be
small. Here we have two main categories.

(a) The eigenfunctions of the part of the hamiltonian that can be
solved exactly are all non-degenerate: That is there is a unique
eigenfunction for a given eigenvalue.

(b) There are degeneracies in the part that one separated as exactly
solvable

The types of perturbations in this category are generally coming from
nature itself: That is the perturbation was already there because of the
system’s properties but we can not solve that system exactly.

2. The full hamiltonian is not time independent for all times:

• Sudden approximation: The full hamiltonian changes abruptly at
an instant but otherwise time independent. In this case go back
to the first branching of our discussion. At the discontinuity the
wavefunction must be continuous to conserve probability.

• There is generic time dependence and the Schroedinger equation can
be solved exactly! This is a system where the very word energy
eigenfunction is generally meaningless.

• There is generic time dependence and the Schroedinger equation can
not be solved exactly: The unfortunate case where we most generally
found ourselves in. If in this case one can separate the hamiltonian
as follows

H(t) = Ho +H1(t)

and hope that exact eigenfunctions of Ho are known, one can do what
is generally called time-dependent perturbation theory.

Now when one can find a Ho there is still the issue of degeneracies. If the
system is highly symmetric you can count on it.

1. Time-independent degenerate perturbation theory
Now we shall consider a time independent -for all times- hamiltonian that is

given as
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H = Ho + λH ′

and assume that the exact eigenfunction of Ho are known

Ho|ψ(0)
n,r〉 = E(0)

n |ψ(0)
n,r〉

where now we have allowed for a degeneracy index for the eigenfunctions. If r =
1, 2, · · · , dn we say that the energy eigenstates for level n are dn-fold degenerate.
We can of course within the degenerate subspace use the Gram-Schmidt process
to ensure

〈ψ(0)
n,r|ψ(0)

n,s〉 = δrs

Now assume the following expansion for the degenerate eigenvalues and
eigenvectors

En,r = E(0)
n + λE(1)

n,r + · · ·

|Ψn,r〉 = |χ(0)
n,r〉+ λ|ψ1

n,r〉+ · · ·

Please note that the correction E
(1)
n,r might depend on the degeneracy index:

the perturbation might destroy the degeneracy.
Please also note that in the above I have assumed the exact eigenfunction

in the limit λ→ 0 might be different than the original list of |ψ(0)
n,r〉. This is to

be expected because there is a freedom to pick the zeroth order eigenfunctions
in the degenerate subspace as one pleases. We have constructed a set that is

orthonormal and called it |ψ(0)
n,r〉 but there can be another set. Anyways since

the degenerate subspace is complete within itself one has

|χ(0)
n,r〉 =

dn∑
l=1

αn,l|ψ(0)
n,l 〉

Now by using

(H0 + λH1)|Ψn,r〉 = En,r|Ψn,r〉

1.1 show that we have the following consistency relation to lowest order in λ

dn∑
l=1

MslAl = csAs (1)

where

Msl ≡ 〈ψ(0)
n,s|H1|ψ(0)

n,l 〉
Al ≡ αn,l

cs ≡ E(1)
n,s

Since 1 is an eigenvalue problem we now understand the issue: To first order
what we have to do is to diagonalize the perturbation within the degenerate
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subspaces. The shifted eigenvalues and eigenvectors will pop-up after this pro-
cess.

That’s it. But surely at higher orders things might get complicated -but no
further logical difficulties arises.
1.2 Consider the following system

H = E

(
1 0
0 1

)
+ λE

(
0 1
1 0

)
1.2.1 Find the exact eigenvalues and eigenvectors of H in terms of λ. Then, ex-
pand them to first order in λ. 1.2.2 Now apply first order perturbative approach
we have developped and contrast the results of the previous section.
1.2.3 Sometimes a diagonalization might not be necessary as in the following
case

H = E

(
1 0
0 1

)
+ λE

(
1 0
0 −1

)
and the original degenerate eigenfunctions need not change.

The example above is overtly simple let us consider the following.

H = E

 1 0 0
0 1 0
0 0 2

+ λE

 1 0 1
0 −1 0
1 0 2


1.2.3.1 Find the exact eigenvalues and eigenfunctions. This might prove to be
a little tedious. You could use mathematica or equivalent.
1.2.3.2 Now apply first order degenerate perturbation theory and contrast your
results.

NOTE: In some cases like the hydrogen atom. Perturbations might commute
with the hamiltonian as in the case of the relativistic corrections. The reason for
this is that relativity brings perturbations which are rotationally symmetric and
thus shares the same symmetries as far as the degeneracies of the non-relativistic
hamiltonian. In this case one does not need to do degenerate perturbation
theory. You might have wondered about this when the fine-structure of the atom
was studied in undergrad courses before talking about degenerate perturbation
theory.

But when a perturbation does not commute with the hamiltonian we enter
difficult waters. Such as the introduction of an external -time independent- mag-
netic field -Zeeman effect- or the introduction of an external -time independent-
electric field -Stark effect. These canonical examples of undergrad quantum
courses are thus somewhat the most difficult ones.
2. Addition of orbital and spin angular momentum.

Spin, like mass is a property of a particle. To appreciate the full structure
we have to study relativistic symmetries. But is we accept this as given there is
nothing much to it then simple addition of angular momentum and define the
total angular momentum

Ja = La ⊗ I ⊕ I × Sa

Where both La and Sa satisfy the same commutation relations but La acts
on space variables as derivatives as usual but Sa acts on a two dimensional
internal space. In the case of spin 1/2 we have Sa = ~

2σa where σa are the
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hermitean Pauli matrices. Now it is easy to show that Ja also obeys the same
commutation relations as La and Sa and hence it is meaningful to call it the
total angular momentum.

Now I will stop using the fully unambiguous algebra notation and ignore
those ⊗ identities etc.

We have J2 = L2 +S2 + 2~L · ~S and since L2 is diagonal in its own space and
S2 is diagonal in its own space it thus makes sense to use the trick and let

~L · ~S =
1

2

(
J2 − L2 − S2

)
Find the eigenvalues of this operator for L2 = ~2l(l+1) and S2 = ~2s(s+1)

along with s = 1/2. We will need it when we study the relativistic corrections
to the H atom
3. Calculate the rate of spontaneous emission from the 2p state to 1s state of
hydrogen. You will need some help from mathematical physics textbooks.
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