
We shall consider different paths for a free action. Let us assume that the
particle is to be at xi at t = 0 and xf at t = T . One set of possible ”mathemtical”
paths satisfying these boundary conditions can be chosen to be

xn(t) = tn
∆x

Tn

where ∆X = xf − xi. We have the classical path for n = 1. The action for
these paths can be calculated to be

S[xn(t)] =
n2

2n− 1
m

∆xx

T
.

And hence

∆S = S[xn(t)]− S[x1(t)] =
(n− 1)2

2n− 1
m

∆xx

T
.

Note that all these paths are distant from each other. In other words for
all of these the values of the action are not close. This is a somewhat different
approach than that I described in the supp-1 and close the one we did in class
but could not finish entirely.

In short you can say that we have a family of paths including the classical
paths but all the other paths are completely crazy from the point of view of
classical mechanics. So we shall not attempt to mathematically somewhat derive
the idea of principle of stationary action but to understand its meaning given
its presence.

Now let us take m∆x2

~T = 0.01 and place the values of the phases eiS[xn]/~ on
the unit circle say from n = −50 to n = 50. You get the following picture
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Now let us take m∆x2

~T = 100 and do the same placement. You will get the
following picture
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In both these pictures the contribution of the action for the classical path is
represented by the point at zero angle on the unit circle.

On the second picture we see that all the other paths are scattered on the
unit circle and their contributions tend to cancel. In other words in this case
we say the system is classical since a crazy collection of paths tend to cancel
each other’s contributions.

On the first picture we see that paths are condensed and contribute almost
together to what we call the propagator -remember the path integral is the
answer for the transition probability from a point in space to another at a given
time-. That is all the paths that we call crazy from a classical perspective
contribute together.

This is of course nothing but another way of talking about ~ → 0 and
~ → ∞ limits. The technically better and more direct approach is the one in
the supplemental material.

Please convince yourselves that the main argument here is not too compli-
cated. It is in fact simply using the fact that a sum of random phases on a unit
circle tend to cancel.
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