
The Idea of gauge invariance and minimal coupling
There are various ways to introduce the notions of gauge invariance and

minimal coupling. First of all since quantum mechanics require a Hamiltonian
along with the quantization conditions on the momenta and position operators
we could have started with the classical -but nevertheless relativistic- treatment
of charged particles and their interactions with the electromagnetic fields.

However it is my own feeling that, much like the illumination we got from
quantum mechanics on the principle of stationary action, approaching gauge
invarianca from quantum mechanics seem to imply the existence of electromag-
netism and in a rather subtle way relativity.

Assume for now that we have discovered quantum mechanics before the the-
ory of relativity -and hence electromagnetism. This is rather pushing in terms of
historical perspectives since magnetism and electricity though relativistic enti-
ties have daily life manifestations which were known even at the time of ancient
Greece. But let us assume it for the sake of the argument.

Now you already have and if not you definitely will see in your classical me-
chanics course that the Hamiltonian formalism of classical mechanics is the most
natural framework for canonical quantization. The quantization prescription is
that the Poisson bracket relations of that formalism carry to quantum theory
as commutators and the RHS of the equations multiplied with an i~.

That is if in the hamiltonian formalism three operators are related in the
possion bracket formalism as

{A,B} = C

the quantization is to promote all those objects to operators and transform the
Poisson bracket to commutators as follows

[Aop, Bop] = i~Cop
So the quantization prescription means for position and momentum opera-

tors

[P,X] = −i~

is to be obeyed. Now if at this point this is taken as the definition of the
momenta the solution is larger than expected

P → −i~ ∂

∂x
+ f(x)

So there seems to be a redundancy. We will surely define the operator ∂/∂x as
the generator of space translations but the mathematical structure can also do
with the addition of f(x).

Another observation is that the observable quantity for the position is the
complect norm of the wavefunction and hence the following states will give the
same probability distribution

Ψ(x, t)→ e−ig(x,t)Ψ(x, t)

Now the question we shall ask is the following. Since there are two quantities
that we can play with we can ask the most general form of the hamiltonian that
will give the same equation under such redefinitions of the relevant quantities in
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the theory. Now in view of these observations let us first conjecture the following
Shroedinger equation

i~
∂Ψ

∂t
=

1

2m

(
−i~~∇− q ~A

)
·
(
−i~~∇− q ~A

)
Ψ(~r, t) + qVΨ

where ~A,V and Ψ all depend on the position ~r and time t.
If there is to be a relabeling and the physics remain the same after a trans-

formation we should have

i~
∂Ψ′

∂t
=

1

2m

(
−i~~∇− q ~A′

)
·
(
−i~~∇− q ~A′

)
Ψ(~r, t) + qV ′Ψ′

The question is now the following: What must be the relations between
primed and unprimed quantities such that the primed equation yields the un-
primed equation identically?

We have done this in class. With a bit different sign conventions. The result
is

Ψ′ = Ψ e−iqχ/~

~A′ = ~A− ~∇χ

V ′ = V +
∂χ

∂t

where χ is an arbitrary function of space and time !!!
So what? You might say. Is it an accident?
We can not of course make much sense of this transformation unless we try

to make sense of the quantities ~A and V .
First of all we do not have equations of motion for ~A and V ! Should there

be a theory around that will involve how these quantities will change?
First let us take a look at the transformation rules. The wave function trans-

forms via a multiplication by a phase and hence it transforms homogeneously.
But since ~A and V acquire additive changes they transform inhomogeneously.
The key point is that they ”BOTH” transform inhomogeneously. This is a bit
of a smoking gun since it would appear from a certain perspective they could
be parts of a single entity -in retrospect of course we know what this is: a
four-vector of relativity.

Furthermore the in homogeneous transformations of those objects mean the
following. Let us define the following

~DΨ ≡
(
−i~~∇− q ~A

)
Ψ

Then we see that

~D′Ψ′ = e−iχ/~ ~DΨ

that is the object ~DΨ transforms in exactly the same way as Ψ. This is not
the only object. Let us define

D0Ψ ≡
(
i~
∂

∂t
− qV

)
Ψ

this too has the same transformation property as Ψ:

2



D′0Ψ′ = e−iχ/~D0Ψ

We say that this object co-varies with Ψ and these quantities are called
covariant derivatives.

So we can consider those derivatives to be more essential. The first thing
that you can do is to find the commutators of those guys.

[Di, Dj ] =
i

2
~qεijk

(
~∇× ~A

)k
[D0, Dj ] = −i~q

(
∂ ~A

∂t
+ ~∇V

)
j

Now the immediate thing we should see is this. Let me suggestively define
two quantities -minus sign conventions I forgot but not too essential for our
argument.

~B ≡ ~∇× ~A

~E ≡ ∂ ~A

∂t
+ ~∇V

now it is easy to show that under our beloved newly discovered transformations
we have

~B′ = ~B
~E′ = ~E

So if there is a theory which considers ~B and ~E as observable physical quan-
tities it will be the same theory under those transformations.

This theory will be electromagnetism if you persevere in your search using
basic principles of continuity -in the jargon charge conservation- the existence
of inertial observers -that is it is impossible to measure your velocity via local
measurements- etc.

Now the anachronic exposition is of course not the way it happened. But it
happened in this exact way for all the other theories discovered so far :quantum
chromodynamics and weak interactions. So far we have only seen interactions
between matter mediated via gauge fields obeying similar transformation rules.
Richer Structures Now to generalize the idea let us look a bit on the mathe-
matical structure.

Our key observation was that

Ψ′ = Ψ e−iqχ/~

gives the same observable. This transformation means that we are free to
redefine the phase at each space time point. This phase take its values from the
unit circle and is called the U(1) group: the collection of 1x1 unitary matrices!

It is a group because
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eiaeib = eic = ei(a+b)

eia(eibeic) = (eiaeib)eic

e0 = 1

eiae−ia = e−iaeia = 1

Now you can ask the following. What if we require the independence of
a quantum mechanical system under a larger group!! For instance consider a
theory where the quantum mechanical wave-function has the following form -do
not think of spin-

Ψ(~r, t) =

(
p(~r, t)
n(~r, t)

)
and we want to find under what kind of transformations the norm of Ψ will be
the same. The answer is the group U(2): the collection of 2x2 unitary matrices.

This theory is present in nature: p stands for proton and n stands for neu-
tron. It says that if we ignore other interactions -such as electric charge etc-
proton and neutron are elements of the same object called the nucleon in fact
without other quantum numbers such as charge these are the same particle.
Gauge invariance means that we have the freedom to call any one proton or
neutron. Furhtermore the construction of the invariant physical quantities from
the commutators of the covariant derivatives define a generalization of electro-
magnetism in an unambiguous way.

So all we have to do is to pick the group. The theory and interactions are
fully determined by the symmetry properties of that group. Amazing.

So far all interactions are observed to be emerging from the gauge principle.
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