
The Method of Green’s functions in scattering theory
Let us assume you are given a linear differential equation of the following

form

Lxy(x) = s(x)

where Lx is a differential operator acting on the variable x. A particular problem
will also enforce certain boundary conditions on the solution y. Now formally
if we can invert the operator the solution will be

y(x) = y(x)H + Lx
−1s(x)

where Ly(x)H = 0 with the same boundary conditions.
On the other hand, it is possible to consider the source function as a linear

addition of pointlike sources with different strengths as follows

s(x) =

∫
dx′ δ(x− x′)s(x′)

and the action of Lx
−1 on δ(x− x′) can be defined as G(x− x′) which amounts

to solving the following equation with the given boundary conditions, where I
passed to three dimensions

L~rG(~r − ~r′) = δ3(~r − ~r′)

To represent the equation in Fourrier space let us first define

G(~r − ~r′) =
1

(2π)3

∫
d3w ei ~w·~r g(~w,~r′)

and remember

δ3(~r − ~r′) =
1

(2π)3

∫
d3w ei ~w·(~r−~r

′)

We now need the explicit form of the differential operator.
In the case of the study of scattering theory using the stationary states of

the Schrodinger equation we have

L~r = ∇2 + k2

s(~r) = U(~r)ψ(~r)

We can immediately find that

g((~w,~r′) =
1

k2 − w2
e−i ~w·~r

′

and consequently that,

G(~r − ~r′) = − 1

(2π)3

∫
d3w

1

w2 − k2
ei ~w·(~r−~r

′)

The task is now to make sense of this integral in such a way to comply with
the boundary conditions. It is amazing that even though this integral seems
unique it is actually not.
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Various solutions to the integral above arise as a result of the contour chosen
to make sense of the singularities.

It is evident that we have to make some sense out of points w = ±k where
the integral seems to diverge.

First after taking the angular equations using standart tricks we will get

G(R) = − 1

4π2R

∫ ∞
−∞

dw
w sin(wR)

w2 − k2

where R = |~r − ~r′|.
One can furthermore show that this integral can be represented as

G(R) =
i

16π2R
(I1 − I2)

where

I1 =

∫ ∞
−∞

dw eiwR

(
1

w − k
+

1

w + k

)
I2 =

∫ ∞
−∞

dw e−iwR

(
1

w − k
+

1

w + k

)
There are four different ways to evade the simple poles which are shown

below

The integrals around the poles are taken on small circular paths and to be
evaluated explicityly. On the other hand for all these contours there will be a
choice of closing the path on a large circle either from above or below. This
is dictated by the prefactors e±iwR. When this is established one can use the
residue theorem which states that the integral around a closed contour is simply
2pi times the sum of the residues of the integrand. Since we have simple poles
here the evaluation of the residues is simple.

Anyways for I1 we have to use a large circle on top to close to contour and
for I2 a large circle from below. This ensures that the integral on the large
circles vanish as |w| → ∞.

Further more we have to use the contour β to go around the poles since this
is the only combination that will ultimately give a form eikR/R: the boundary
conditions of the scattering problem: an outgoing scattered wave.

After all these considerations -do it yourselves. One ends up with

G(R) = − 1

4π

eikR

R
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where, again, R = |~r − ~r′|.
In the problem for scattering the analogue of yH is an incoming wave. We

thus finally have the final integral form of our equation

ψ(~r) = ei
~k·~r − 1

4π

∫
d3r′

ei
~k·(~r−~r′)

|~r − ~r′|
U(~r′)ψ(~r′)

where U = 2mV/~2. This is the final form as we have arrived in class and is
called the Lippman-Schwinger equation.

Now to the little digression that was cut short. Let us define

λK(~r, ~r′) ≡ − 1

4π
G(~r − ~r′)U(~r′)

and calling the incoming wave ψ0(~r) we can write it as follows

ψ(~r) = ψ0(~r) + λ

∫
d3r K(~r, ~r′)ψ(~r′)

Note the seemingly matrix multiplication form of this equation. We can cer-
tainly do the following

〈~r|ψ〉 = 〈~r|ψ0〉+ λ

∫
d3r′〈~r|K|~r′〉〈~r′|ψ〉

but since an insertion of identity is evident on the right hand side this amounts
to an equation in the abstract state space

|ψ〉 = |ψ0〉+ λK|ψ〉

This surely amounts to a formal series solution

|ψ〉 =
(
1 + λK + λ2K2 + λ3K3 + · · ·

)
|ψ0〉

we should resist the temptation to rewrite it as 1/(1 − λK) because the above
series, unlike the exponential function, does not have infinite radius of conver-
gence, so one has to pay attention.

Now let us stop the series including the second order and introduce conve-
nient identities as follows

|ψ〉 = (1 + λKI + λ2KIKI)|ψ0〉

we end up with the following expression, where a shorthand notational con-
vention is used for the variables is introduced for ease of reading -and latex
typing-

ψ(x) = ψ0(x) + λ

∫
dyK(x, y)ψ0(y) + λ2

∫
dydzK(x, y)K(y, z)ψ0(z)

The resemblance to the Dyson series approach we have done before is striking
-in fact this happens because scattering theory is a subset of time-dependent
perturbation theory.

We shall elaborate on this monday.
NOTA BENE: All this formalism is necessary when we CAN NOT exactly

solve the Schrodinger equation,
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(
∇2 + k2

)
ψ(~r) = U(~r)ψ(~r)

There are various cases for U where an exact treatment is available.
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