
PHYS 532 Spring 2014 4th Homework Assignment. Due Wed Mar 19 at the
lecture.

1- It is actually nice that we have had detours about the sign convention in the
definition of generators. For the rotation group it turns out that I was using
the definition from the QFT book by Ryder to relate the generators but using
the reversed rotation matrices which I took (in the absence of the book for
sometime) from other sources). Anyway all of the analysis about the Lorentz
group to find the Dirac equation we have done can be found in the book by
Ryder in Chapter 2. It is a good book for first time reading. I started with it
at the time.
The ambiguity of course comes from defining the cross product either as left or
right handed.
To that end, in this first problem I will assign something general about the Lie
algebras. I hope it will not much interfere with the group theory course.
Consider the following relation

[ta, tb] = ifab
ctc

the objects fab
c, called the structure constants, obviously they obey fab

c =
−fbac. Now for a particular set of algebras the location of indices is immaterial.
Since what you will be doing does not depend on this I shall use lower indices
(actually only to not make a typo) and the summation convention. On the other
hand again for a particular set of algebras fabc is completely anti-symmetric in
all indices. I do not use jargon because I have in my sight the rotation group
which satisfies all those. So anyway let us write

[ta, tb] = ifabctc

Now as you know the commutators obey an identity called the Jacobi identity

[A, [B,C]] + [C, [A,B]] + [B, [C,A]] = 0

this is related to the associativity condition on the group the algebra generates.
This identity of course puts restrictions on fabc and thus any fabc that satisfies
it is a Lie algebra. Find this condition.

Now take the definition of the algebra and multiply with Sa′aSb′b where S
is an invertible matrix. Also place the identity in the form fabctc = fabαδαβtβ
and use δαβ = (S−1S)αβ = (S−1)αγSγβ . Show that one gets

[Ta′ , Tb′ ] = iFa′b′c′Tc′

where

Ta′ = Sa′ata

and

Fa′b′c′ = Sa′aSb′b(S
−1)cc′fabc

But by construction Fabc will also satisfy the Jacobi identity. Thus the
algebra is defined modulo these equivalence transformations.
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Now consider particular transformations of the kind S−1 = ST -this is what
happened in our convention slip- This means that we must have

Fa′b′c′ = Sa′aSb′bSc′cfabc

Now if in a basis fabc = εabc show that this means

Fabc = det(S)εabc

In our convention flip we had S = −I = S−1 which has determinant −1 in
three space dimensions. Now via this route we also realize why the Levi-Civita
symbol is not a tensor, it is a pseudo-tensor because it takes determinants.

2- At this point it is also possibly nice to introduce a related idea -again apologies
for these spoilers, from those of you taking the group theory course.

Rotations are performed via real and orthogonal matrices, OT = O−1. The
proper rotations have unit determinant. It is evident that the inverse exists
and the product of two such matrices is again such a matrix. Associativity is
manifest in the matrix multiplication -in fact it was designed precisely for that.
It is also useful remember that deteA = eTrA. All these suggest that one can
write the orthogonal matrices as

O = exp(A)

where AT = −A. In three space dimensions a real anti-symmetric matrix will
require three independent entries and thus in this case one can say that the
entries of A are given as below

Aab = εabcθc

looking at this this looks like ~M · ~θ where the matrix elements of the gener-
ators Mc are given as

(Mc)ab = εabc

I believe you realize now that modulo the factors of i this has the same
structure as the 3x3 representation of angular momentum generators you have
found earlier.

This is a manifestation of a more generic property of Lie algebras: Let us
remember what it was

tatb − tbtc − ifabctc = 0

Remember the form of the Jacobi identity in terms of fabc, using it FIND a
representation for ta in terms of f ’s.

Thus the structure constants already furnish a representation much like in
finite groups there is a way to find a matrix representation just by looking at
the multiplication table. But this is enough for groups so far.

3- Until now we have studied the Dirac equation quite a bit but we did not
for instance talk about Heisenberg picture, Ehrenfest theorem etc...

Write down the free Dirac equation in non-covariant form
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i~
∂ψ

∂t
=
[
~α · ~P + βmc2

]
ψ

where β = γ0 and αi = γ0γi -and remember ~P are operators. We have every
right to call the operator on the RHS as the hamiltonian, since it is Hermitean
(SHOW) and equal to i∂t,

H =
[
c~α · ~P + βmc2

]
Now remember ~L = ~r × ~P and define ~J = ~L+ ~Σ where

~Σ =
~
2

(
~σ 0
0 ~σ

)
Show that [

H, ~P
]

=
[
H, ~J

]
=
[
H, ~Σ · ~P

]
= 0

Thus these operators are constants of motion. Note in particular that ~Σ
does not commute with the Hamiltonian -but in the case of 1D problemes Σ3

will commute with the hamiltonian since we only have α3pz in the game.
Now show that

[~r,H] = i~c~α

Remembering the Heisenberg equation for the operator evolution in the
Heisenberg picture is

i~
dO

dt
= [O,H] + i~

∂O

∂t

this suggests a ”velocity” operator in the Heisenberg picture that at t = 0 is
given by

~vop(t = 0) = c~α

whic has eigenvalues ±c!! The so called zitterbewegung (remember that the
conserved current is ψ̄γµψ which means that its spatial components are ψ†αiψ.
So calling it ”velocity” operator is not so bad. But it is misleading because
zitterbewegung or a non-zero spatial current even at rest are associated with
the mixing of upper and lower two components).

Now let us remember that via a 4-vector potential Aµ : (V, ~A) -note that
space components of known four-vectors are defined with spacetime indices up-
one can introduce couplings. The equation takes the form

H =
[
c~α · (~p− q

c
~A) + βmc2 + qV

]
where q is the charge of the particle. For generality here assume Aµ is time
dependent as well.

Now define the operator ~π = ~p− (q/c) ~A and using Heisenberg equations of
motion
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d~π

dt
=
∂~π

∂t
+
i

~
[H,~π]

show that we get the relativistic form of Ehrenfest like relations

d~π

dt
= q

[
~E +

1

c
~vop × ~B

]
This is not shocking since in the hamiltonian there is the term

−q~α · ~A+ qV = −q
c
~vop · ~A+ qV

which is the known form of a relativistic potential energy.
There is a way to get a position operator free from zitterbewegung. This

is achieved by a unitary transformation on the hamiltonian in such a way to
decouple the upper two components from the lower two. This is called Foldy-
Wouthuysen transformation. However this new ”position” operator is non-local
in involves derivatives etc... So there is a generic problem with position operators
isn’t it?

4- Now let us assume we would like to find the energy eigenvalues for a given
interaction. Of course in this case we should have Aµ time independent. To
that end let

ψ = e−iEt/~
(
ϕ
χ

)
with ϕ and χ time independent two component objects, and show that we end
up with two coupled equations

(E −mc2 − qV )ϕ = c~σ · ~πχ
(E +mc2 − qV )χ = c~σ · ~πϕ

with again ~π = ~p− (q/c) ~A. Also remember that the exact normalization condi-
tion is ∫

d3x
(
ϕ†ϕ+ χ†χ

)
= 1

It is convenient to define E = mc2 + Ẽ and Ẽ − qV ≡ ε -NOTE that ε has
position dependence. After these we end up with a form which looks easier to
handle.

εϕ = c~σ · ~πχ
(2mc2 + ε)χ = c~σ · ~πϕ

The idea is to make an expansion when the parameter ε/2mc2 is small. Show
that χ is smaller than φ by a factor of the order of v/c, if ε obeys the above
assumption.
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3-1. Now let V = 0 and ~A 6= 0. Expand the previous system consistently
-keeping an eye on the normalization- to first non-trivial order in relativistic
corrections. Identify each term and digress about their physical meanings.

3-2. Now let V = V (r) and ~A = 0 Expand the previous system consistently
-keeping an eye on the normalization- to first non-trivial order in relativistic
corrections. Identify each term and digress about their physical meanings.

Since we have done these in class you know the major pitfalls and tricks to
use.

4.0 Devise a problem using the concepts we have learned so far. Do not copy
and be creative. There is no limit for complexity.
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