
PHYS 532 Spring 2014 5th Homework Assignment. Due Wed Mar 26 at the
lecture.

1. It is possible to introduce an interaction to a Dirac spinor via a Lorentz
scalar function.In this case we have(

icγµ∂µ −mc2 − λΦ
]

Ψ = 0

To study possible effects of this one can look for stationary solutions of the
equation of the form Ψ = e−iEt/~ψ. For this of course Φ should not have time
dependence. If as usual we call the upper two components ϕ and the lower two
components χ show that we shall have the following coupled equations

(E −mc2 − λΦ)ϕ = cσ · ~pχ
(E +mc2 + λΦ)χ = cσ · ~pϕ

where as usual ~p are the operators. Now defining as before E = mc2 + Ẽ, these
simplify to

(Ẽ − λΦ)ϕ = cσ · ~pχ (1)

(2mc2 + Ẽ + λΦ)χ = cσ · ~pϕ (2)

Remember also that the normalization for a probabilistic interpretation re-
quires ∫

dV
(
χ†χ+ ϕ†ϕ

)
= 1

Now as before make a consistent non-relativistic limit of this system to first
non-trivial order. Contrast to the equations obtained from a vector potential.

2. It is possible to justify the type of interaction above.But to do so we shall have
to enter the realm of relativistic Lagrangian field theory. For starters consider
the following action -where c = 1 = ~ for simplicity-, where Φ is a Lorentz scalar
field,

S =

∫
d4x
√
−gLΦ(Φ, ∂µΦ) =

∫
d4x
√
−g

[
1

2
gµν∂µΦ∂νΦ− V (Φ)

]
the metric is diag(+,−,−,−) and g is the determinant of the metric.

Saving you the trouble, the Euler-Lagrange equations that follows from the
principle of extremum action read

∂µ
∂  L

∂(∂µΦ)
=
∂L
∂Φ

where ∂L/∂(∂µΦ) means take the partial derivative of L considering ∂µΦ as a
variable.
This procedure yields
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�2Φ = −V (Φ)

∂Φ

Note in ALL books and notes it will read � but since in three dimensions
one uses ∇2 I believe it is fair to use �2 as the defining relation. Consider it
my own petty capricious attitude. At any rate, what I mean is

�2φ ≡ ∂t2Φ− ∂x2Φ−−∂y2Φ− ∂z2Φ

Show this.
Now let us define following lagrangian density

LΨ =
1

2
Ψ̄iγµ (∂µΨ)− 1

2

(
∂µΨ̄

)
iγµΨ−mΨ̄Ψ

There are two equations of course. One is

∂µ
∂L

∂(∂µΨ)
=
∂L
∂Ψ

and

∂µ
∂L

∂(∂µΨ̄)
=
∂L
∂Ψ̄

Show that these give the Dirac equation and its bar conjugate.
Having established these now consider the following lagrangian density

L = LΦ + LΨ − λΦΨ̄Ψ

Show that it gives the Dirac equation with a scalar potential as in the pre-
vious exercise upon

∂µ
∂L

∂(∂µΨ̄)
=
∂L
∂Ψ̄

This type of interaction between a Dirac spinor and a scalar field is called a
Yukawa type interaction.

Now that we are here consider the following density

LΨ − qΨ̄γµAµΨ

which will give the equations for interaction with an EM field. Note that Aµ
couples to a conserved current, this is a requirement of gauge symmetry. This
type of interactions are called minimmal couplings. Along with the Yukawa type
couplings they constitute everything one needs to define the standard model -
except one or two situations where one can contemplate other forms.

3- Note that with an interaction of Yukawa type, if the potential Φ is constant
you can use the free Dirac solutions we have found. All you have to do is to let
m→ m+Φ. And the definig relation for the momentum is p2 = E2− (m+Φ)2.
Note the difference of this to a constant potential obtained from the temporal
component of a four-vector potential. There we have p2 = (E − V )2 −m2.

With these in mind let us confine the study to one spatial dimensions -along
z- and assume we have Φ = 0 for z < 0 and Φ = Φo for z > 0. Inject spin
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up Dirac particles from the left with amplitude A. Study the transmission and
reflection coefficients for the two regimes where the kinetic energy is less than
Φo and more than Φo.
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