
PHYS 532 Spring 2014 6th Homework Assignment. Due Wed Apr 2 at the
lecture.

This homework assignment is related to the discrete symmetries of the Dirac
equation and some other related topics.

To begin with let us remember some notation. If the event four-vector is
transformed as

x′
µ

= (Λ)µνx
ν

then since ∂µx
ν = δµ

ν , we must have

∂′µ = (Λ−1)νµ∂ν

And this should be generally true regardless of the transformation being
a continuous one or a discrete one. Also remember the Dirac representation.
Have it nearby and always remember that γµγν+γνγµ = 2gµν . Also the matrix
γ5 = iγ0γ1γ2γ3 that we have defined obeys γ5γµ = −γµγ5. It is hermitean and
squares to identity.

Parity: In this case x′
µ

= (ΛP )µνx
ν such that x′

i
= −xi and x′

0
= x0. If we

would like to have this as a symmetry of the free Dirac equation -we ensured
this remember using (1/2,0)+(0,1/2) of Lorentz symmetry but anyways- all we
have to do is to let

(iγµ∂′µ −m)ψ′(x′) = 0

and obtain the no-tilde version related via ΛP . To that end we can assume

ψ′(x′) = Pψ(x)

the very definition of a transformation of a field. Here since the Dirac spinors
have structure the matrix P is supposed to act on the spinor indices. SHOW
that in order for this to work one must have

P−1iγµP = (ΛP )µνiγ
ν

SHOW that P = γ0 is the solution modulo an overall phase factor -here we
shall ignore it but some particles have intrinsic parity so one should remember
that the phase is there.

To finish up we have to also show that this commutes with the hamiltonian.
To this end remember that the hamiltonian is the operator H = −iγ0γi∂i+γ0m.
It will be influenced by the matrix P and the effect of the parity operator on
the partial derivatives. That is define Π ≡ PP where P−1∂iP = −∂i and show
that Π−1HΠ = H. To do this may seem trivial here but this small push-up will
help what we shall do for the time-reversal symmetry.

Remember our free particle solutions of definite energy. To be short show

that Pψ
(+)
↑ (~x, t;E, ~p) = ψ

(+)
↑ (~x, t;E,−~p). Now repeat for the other solutions

and represent the result in terms of the standard solutions. Remember E and
~p are labels for the solutions but in the end you might interpret the result in
terms of the standard solutions with parameters altered. Anyway we have done
this in class.
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SHOW that the object ψ̄′(x′)γ5ψ(x′) = −ψ̄(x)γ5ψx, hence called pseudo-
scalar.

SHOW that the object ψ̄′(x′)ψ′(x′) = ψ̄(x)ψ(x) transforms as a true scalar,
it does not change.

Now consider the four-vector current ψ̄′(x′)γµψ′(x′). Show that its temporal
component does not pick-up a sign but its spatial components do. Repeat and
SHOW that for ψ̄′(x′)γµγ5ψ′(x′) this situation is reversed. The first one is
called a vector whereas the second one is called a pseudo vector.

Little digression: Define j5
µ = ψ̄γµγ5ψ, it is also called the axial vector.

Now show that ∂µj5
µ = 2imψ̄γ5ψ if ψ solves the Dirac equation. So this

current is not conserved and thus if this persists there is no way to couple it to
a gauge-field. But if m = 0 then it is conserved and it is possible to couple to a
gauge field. Since the mass vanishes as a requirement of gauge symmetry these
types of gauge fields are called chiral gauge fields -no point in using the Dirac
representation, since the particles are massless the solutions are also eigenstates
of the chirality operator γ5. Electrodynamics is a vectorial field that is it couples
equally to both chiralities. So a vectorial gauge field allows for a mass for the
spinors: as in the case of electrodynamics and chromodynamics. Read some
popular texts if you feel inclined.

Now that we have defined the parity symmetry let us turn on electrodynam-
ics. The Dirac equation is then given as

(iγµ∂µ − qγµAµ(x)−m)ψ(x)

By writing this in the primed frame and re-arranging to get the exact equa-
tion above what must be the transformation properties of Aµ(x). That is, what

are ~A′(~x′, t′) and Φ′ ≡ A′
0
(~x,′ t′) in terms of ~A(~x, t) and Φ(~x, t)? In particular

you should have

A′
µ
(x′) = (M)µνA

ν(x)

for some M . What is it? Substantiate this using only your knowledge about
electrodynamics, as we have done in class.

Time-Reversal: In this case we have x′
µ

= (Λτ )µνx
ν such that ~x′ = ~x but

t′ = −t. But as we have seen in class this is not the whole issue. Anyways we
shall of course assume ψ′(x′) = τψ(x). Now as we have done for the parity case
write the equation entirely in terms of the primed variables and show that one
must have

τ−1iγµτ = (Λτ )µνiγ
ν

A wrong solution: If we assume that τ is linear then we have to satisfy τ−1L γµτL =
(Λτ )µνγ

ν . Show that τL = γ1γ2γ3 is the solution to this -wrong approach. Now
show that one has τ−1L HτL = −H and hence it does not commute with the
hamiltonian. Thus it can not be a symmetry.

So τ has to be anti-linear. To that end write it as TT where T is a linearly
acting matrix hitting on the spinor indices and T does complex conjugation

T −1iT = −i

With this, show that the condition on T can be written as
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T−1γµ∗T = −(Λτ )µνγ
ν

Show that T = iγ1γ3 is unique up to an overall phase and with this defini-
tions τ commutes with the hamiltonian H.

Thus the action on the spinors are therefore

ψ′(x′) = iγ1γ3ψ(x)∗

with of course ~x′ = ~x and t′ = −t.
Study the transformation properties of the four-vector current under time-

reversal symmetry that is express ψ′(x′)γµψ′(x′) in terms of ψ(x)γµψ(x).
Now that we have defined time reversal for the free theory symmetry let us

turn on electrodynamics. The Dirac equation is then given as

(iγµ∂µ − qγµAµ(x)−m)ψ(x)

By writing this in the primed frame and re-arranging to get the exact equa-
tion above what must be the transformation properties of Aµ(x). That is, what

are ~A′(~x′, t′) and Φ′ ≡ A′
0
(~x,′ t′) in terms of ~A(~x, t) and Φ(~x, t)? In particular

you should have

A′
µ
(x′) = (N)µνA

ν(x)

for some N . What is it? Substantiate this using only your knowledge about
electrodynamics, as we have done in class.

Digress about these results you find and the conserved currents that are
sources of electric and magnetic fields in electro-magnetism.

Now hit τ on all the standard free particle solutions we have found and
express the results in terms of the standard free solutions -again possibly tem-
pering with the parameters that label the solution. That is E and ~p.

Now study the transformation properties of the Dirac four-vector and the
electromagnetic four-vector potential under the combined action of parity and
time reversal, that is PT . What do you see?

Charge Conjugation: See that with P and T alone we can not move from
positive energy solutions to negative energy solutions and vice-versa. But since
those solutions exist it appears that some further symmetry must be there. To
that end let us ask the following question.

Assume we have a Dirac spinor of charge q under the influence of a potential
Aµ and thus it obeys

(iγµ∂µ − qγµAµ −m)ψ(x) = 0

Now we ask the following question. What would be the wavefunction ψc(x)
of a particle with charge −q under the influence of the same potential Aµ.
Clearly it must obey

(iγµ∂µ + qγµAµ −m)ψc(x) = 0

The question becomes: Is there a transformation from ψc(x) to ψ(x)?
Take the complex conjugate of the equation for ψ and arrive at the following
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(iγµ∗∂µ + qγµ∗Aµ +m)ψ∗(x) = 0

Now do the following tautology

C (iγµ∗∂µ + qγµ∗Aµ +m)C−1Cψ∗(x) = 0

If we can satisfy

Cγµ∗C−1 = −γµ

it will work and we shall have

ψc(x) = Cψ∗(x)

SHOW that C = iγ2 does the trick and satisfy the requirements.

Now calculate the action of this transformation on ψ
(−)
↓ (~x, t;E, ~p) show that

it is proportional to ψ
(+)
↑ (~x, t;E, ~p). Finally our desired symmetry. A symmetry

between negative and positive energy solutions.
We can now elevate this to a full symmetry of the Dirac theory if we let

Aµ → −Aµ under charge conjugation defined as above. Justify this from elec-
tromagnetism. In that case what we mean is the following for each physical
state of an electron in a potential Aµ there is a physical state of a particle with
the same mass but opposite charge in the potential −Aµ.

Thus Dirac theory predicts particles with the same mass and opposite charge,
that is anti-particles. We shall not however deal too much with the hole theory.

Now show that ψ̄cγ
µψc = ψ̄γµψ. An important point here: in field theory

book you will see that the four vector operator fullt reverses sign under charge
conjugation symmetry but there these are first of all operators (yes ψ’s) and
the interpretation is that the current counts the number of particles minus the
number of anti-particles. Of course in a single particle theory -the way we try
to interpret the Dirac equation- this is meaningless. In fact the electromagnetic
current associated with the particle will be qcψ̄cγ

µψc = −qψ̄γµψ. This of course
stems from the fact that we, trying to do a single particle theory, interpret j0

as the probability.
Create a problem with the notions we have been using so far.
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