
PHYS 532 Spring 2014 7th Homework Assignment. Due Wed Apr 30 at the
lecture.

In this rather long and tedious assignment we shall enter the realm of quan-
tum field theory. I shall try not to leave any gaps, in the logical framework.
There will be an addendum to this assignment before the spring break starts.

Some preliminaries
1) Show that one has ∫

R3

d3~r f(~r) =

∫
R3

d3~r f(~r′)

Where R3 means that the integral is taken over all three dimensional euclidean
space. Also, the vector ~r′ is obtained from ~r via a special orthogonal transfor-
mation. Special means it has determinant 1. Caution: You are not allowed to
assume f is a function of ~r · ~r only. Hint: Remember the usual trick you were
thought in Fourier transforms why does it work?

2) Show that one has

θ(p′0) = θ(p0)

where p′µ = Λµνp
ν with Λ representing a Lorentz transformation which has both

determinant one and Λ0
0 > 0. This last one is either 1 for proper rotations and

γ for proper boosts. Hint and Info: The theta function is defined as Θ(x) = 0
for x ≤ 0 and Θ(x) = 1 for x > 0.

3) Show that∫
d4pΘ(p0)δ(pµp

µ −m2)f(p) =

∫
d3~p

2ωp
f(p0 = ωp, ~p)

where ωp =
√
~p · ~p+m2

Now infer the following measure

d3~p

2ωp

is invariant under proper Lorentz transformations and rotations. And therefore
one has ∫

d3~p

2ωp
f(p) =

∫
d3~p

2ωp
f(p′)

where p′µ = Λµνp
ν and p0 = ωp and p′0 = ωp′ .

Note:This is the reason why the measure above is central and it makes Lorentz
invariance of integrals needed to be manifest. So it is a common practice to
normalize states with this in mind.

Some more preliminaries: Construction of a Hilbert space
Let us forget about Lagrangians fields etc for now. Let us assume the exis-

tence of a Hilbert space of multi-particle definite momentum and energy states
that obey the usual energy-momentum relations of special relativity. We shall
also assume that we are dealing with identical particles with the same mass m.
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No particle state. We assume the existence of a vacuum state |0〉 which is
normalized 〈0|0〉 = 1.
Single particle states. We assume the existence of single particle states of
definite momentum and mass we denote them |~p〉. We assume of course that
〈0|~p〉 = 0. How should we normalize these states? One approach is from the
existence of the identity operators living in this one-particle subspace of the full
Hilbert space. We would want

I1P|~p〉 = |~p〉

Remembering our beloved measure we might pick,

I1P ≡
∫

d3~p

(2π)32ωp
|~p〉〈~p|

For consistency show that one must have

〈~q|~p〉 = (2π)32ωpδ
(3) (~p− ~q)

Two particle states. We assume the existence of two particle states and
denote them |~p1, ~p2〉. We also assume 〈0|~p1, ~p2〉 = 0 and 〈~q|~p1, ~p2〉 = 0. But
since our particles are identical we must remember the Pauli principle. That is
we must have

|~p2, ~p1〉 = ±|~p1, ~p2〉

This fact has to be present in our normalization of these states. Let us focus
on the + sign representing bosons and further let us assume spin zero. We
should have

〈~q1, ~q2|~p1, ~p2〉 = N(~p1, ~p2)
[
δ3(~q1 − ~p1)δ3(~q2 − ~p2) + δ3(~q1 − ~p2)δ3(~q2 − ~p1)

]
Now we can set a standard for the part of the identity operator in this

2-particle subspace of the full Hilbert space and define it as usual

I2P =

∫
d3~p1

(2π)32ωp1

d3~p2

(2π)32ωp2

1

2
|~p1, ~p2〉〈~p1, ~p2|

and demand that

I2P|~q1, ~q2〉 = |~q1, ~q2〉

Show that this way one gets

N(~p1, ~p2) = (2π)6 2ωp12ωp2

I believe now the rationale for this construction is clear. The full Hilbert
space we will get will be the collection of 0P, 1P, 2P, 3P states and so on. If
you like the exercise construct the 3 particle subspace and find its normalization
rules assuming the same structure for the identity operator.

Note that we have used two basic principles, special relativity and the re-
quirement that Poincaré algebra requires that to define a definite momentum
state we also need to specify the mass (one Casimir element of the Poincaré
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algebra) and the spin (another Casimir of the Poincaré algebra). The extra
ingredient we have used is the Pauli principle1.
Create and Annihilate

Let us define a linear operator by its action in the Hilbert space we have
explicitly constructed.

a†(~q)|~p1, · · · , ~pN 〉 ≡
1√
2ωq
|~q, ~p1, · · · , ~pN 〉

So we know what the operator is since we can calculate all its matrix elements
from this definition since we have defined the normalization of kets and hence
an ”inner product” in the Hilbert space. It would have been a bit more natural
to define and operator C for create but historical conventions binds us.

If one defines an operator in a Hilbert space where an inner product is well
defined one can define an adjoint operator. So in principle we can FIND a(~q)
from the definition of a†(~q) and the inner products.

The inner product in a complex Hilbert space obeys the following

(|ψ〉, |φ〉) = (|φ〉, |ψ〉)∗

and the adjoint of a linear operator is defined via(
|φ〉, L†|ψ〉

)
≡ (L|φ〉, |ψ〉)

We usually denote (|ψ〉, |φ〉) ≡ 〈ψ|φ〉 = (〈ψ|φ〉)∗ using the Dirac convention.
This is quite all right for linear operators but might create some confusion for
anti-linear operators such as time reversal as we have seen. The definition above
for adjoint in the Dirac formalism reads -in the form you are familiar-

〈φ|L†|ψ〉 = (〈ψ|L|φ〉)∗

Now show the following is consistent from the knowledge we have acquired so
far -you will have to use the definition of the adjoint and pick as ψ and φ states
among the 0P, 1P, 2P states. Of course the full proof requires induction but
just show that the following is consistent within the states we have constructed
so far.

a(~q)|0〉 = 0

a(~q)|~p〉 =
√

2ωq(2π)3δ3(~q − ~p)|0〉
a(~q)|~p1, ~p2〉 =

√
2ωq(2π)3

(
δ3(~q − ~p1)|~p2〉+ δ3(~q − ~p2)|~p1〉

)
Now the action of a(~q) on any multi-particle state should be a bit obvious. You
don’t have to perform the full proof.

Now using the portion of the Hilbert space we have constructed so far show
that one has

1Note that I assumed without proof that spin zero must be bosonic -which must be proven
and one can- but let us have that much latitude at this level. At any rate we could have
included spin already at this level without much trouble for instance the single particle states
would have changed to |~p; s; sz〉, because the quantum numbers that the Poincaré algebra
requires are those. That’s it. We would only had to assume that different s and different
sz states must be orthogonal. And keep the ± sign to carry the Pauli principle all the way.
Ultimately one finds that integer spin requires the + sign for consistency.
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[a(~q1), a(~q2)] |0〉 = 0

[a(~q1), a(~q2)] |~p〉 = 0

[a(~q1), a(~q2)] |~p1, ~p2〉 = 0

In the inductive proof this is shown for all states and hence

[a(~q1), a(~q2)] = 0

as an operator relation.
Repeat the procedure above to show that

[
a(~q1), a†(~q2)

]
|0〉 = (2π)3δ3(~p1 − ~p2) |0〉[

a(~q1), a†(~q2)
]
|~p〉 = (2π)3δ3(~p1 − ~p2) |~p〉[

a(~q1), a†(~q2)
]
|~p1, ~p2〉 = (2π)3δ3(~p1 − ~p2) |~p1, ~p2〉

In the inductive proof this is shown to hold for all states and hence

[a(~q1), a(~q2)] = (2π)3δ3(~q1 − ~q2)

as an operator relation. Show that the same procedure will yield[
a†(~q1), a†(~q2)

]
= 0

So we know all the properties of these creation and annihilation operators.
But there is more: In fact there is a theorem that states that all operators acting
on the Hilbert space can be written as a polynomial series consisting of powers
of a’s and a†’s. To get a zest of the proof in your mind observe this question:
can a given state can be obtained from another given state by the action of an
operator -to be found - consisting of an appropriate product in the creation and
annihilation operators.
Defining the Hamiltonian

In the context of the previous knowledge and the theorem we can simply
posit

H ≡
∫

d3~k

(2π)3
ωka

†(~k)a(~k)

Show that this operator is diagonal -within the subspace we have explicitly
constructed. That is show that

H|0〉 = 0

H|~p〉 = ωp|~p〉
H|~p, ~q〉 = (ωp + ωq) |~p, ~q〉
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This has only positive eigenvalues. It counts the energies of the particles
present. This is not all. Define the following operator

~P ≡
∫

d3~k

(2π)3
~ka†(~k)a(~k)

This is also diagonal and gives the total momentum of the states. Thus it
commutes with the hamiltonian -as it is a bit trivial to ask I leave it here-,[
H, ~P

]
= 0.

This is not all. One can construct operators using the creation and annihila-
tion operators such that at the end one will have a set of operators which obey
the full commutation relations of the Poincaré algebra and thus justify that the
framework is a true -albeit non-interacting- relativistic many particle quantum
theory where all energies are positive definite.

Now show -for future use- that[
H, a(~k)

]
= −ωka(~k)

and [
H, a†(~k)

]
= ωka

†(~k)

repeat for the commutators of the ~P and a and a†.

The need for a field We can create definite momentum states and in fact we
can even construct superposition of energy-momentum eigenstates so that we
have a spread in momentum. For instance define the following operator

A†(~ko,∆) ≡
∫

d3~k

(2π)3
√

2ωk
e−(~k−~ko)2/2∆2

a†(~k)

Hitting on the vacuum this will create a state with momentum peaked near
~ko with a spread ∆.

But how can we find a field out of these? Well remember that we have
defined the H and ~P operators and I told you that they are part of a list of
operators which constitute a representation of the Poincaré algebra. So H will
generate translations in time and ~P will generate translations in space. To that
end let us construct the following operator

φ(0) ≡
∫

d3~k

(2π)3
√

2ωk

[
a(~k) + a†(~k)

]
For another observer with shifted time and position origins this operator must
become

φ(t, ~x) = ei(Ht−~x·
~P)φ(0)e−i(Ht−~x·

~P)

Now show the following relations -using the commutators you have so far
found between the momentum operators, hamiltonian and the creation and
annihilation operators.

e−i~x·
~Pa(~k)ei~x·

~P = ei~x·
~ka(~k)
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e−i~x·
~Pa†(~k)ei~x·

~P = e−i~x·
~ka†(~k)

eiHta(~k)e−iHt = e−iωkta(~k)

eiHta†(~k)e−iHt = eiωkta†(~k)

To finally arrive at

φ(t, ~x) =

∫
d3~k

(2π)3
√

2ωk

[
a(~k)e−ikµx

µ

+ a†(~k)eikµx
µ
]

in the above k0 = ωk of course.
What could be the use of this operator? Well show that

〈0|φ(t, ~x)|~p〉 = e−ipµx
µ

A plane wave! So it should not be to hard to visualize the use of the field
operator in constructing wave-packets.

Now let us go back and focus on φ(t, ~x) which is the building block. Since it
is a Heisenberg picture operator one can look for the equations it satisfy. These
are

i
∂φ

∂t
= [φ,H]

Let us also define the quantity π(t, ~x) ≡ φ̇(t, ~x). It is now a simple matter
to show that Heisenberg equations of motion for these objects φ and π will
eventually yield (

∂µ∂
µ +m2

)
φ(t, ~x) = 0

And furthermore one can show that -modulo an infinite but constant term
one has-

H =

∫
d3x

[
1

2
π2 +

1

2
~∇φ · ~∇φ+

1

2
m2φ2

]
via the usual Legendre transformation technique one can also show that

there is a corresponding action

S =

∫
d4x

[
1

2
(∂µφ)(∂µφ)− 1

2
m2φ2

]
what is more is that the following will hold

[φ(0, ~x), π(0, ~y)] = iδ3(~x− ~y)

[φ(0, ~x), φ(0, ~y)] = [π(0, ~x), π(0, ~y)] = 0

Now many books prefer the start with the lagrangian and impose the con-
ditions above as canonical commutation relations after which one gets the com-
mutation relations of a and a† and from there construct the inner product and
finally the full Hilbert space. But the way we proceeded here is essentially more
fundamental and of course eventually points at the lagrangian method followed
by canonical quantization. It is the approach adopted by Weinberg in his two
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volume QFT book. So from now on we shall start with the lagrangian and
impose canonical quantization prescriptions.

Before we finish this part calculate -reduce the integrals as much as you can
and browse integral tables if you need to- the following object

[φ(t, ~x), φ(t′, ~x′)]

for two separate cases: One for which the separation of these events are
time-like (that is there is a frame for which two events occur at the same place
and different times, and also for which the separation if space-like (that is there
is a frame for which two events occur at the same time at different places).

In particular show that when the separation is space-like there is a cancel-
lation mechanism and that this mechanism is not there when the separation is
time-like.

Quantum Field Theory of a Complex Lorentz Scalar Field In this part
we shall use our knowledge on the complex field in order to better understand the
role played with the negative frequency solutions of the Klein-Gordon equation:
Why we actually must use them, how anti-particles enter the game and how
they save the day for causality.

The action for a complex field is

S =

∫
d4x

[
(∂µφ)(∂µφ∗)−m2φφ∗

]
Since there are two fields φ and φ∗ there will be two canonical momenta π

and π∗. If you identify these and if you expand the field as follows2

φ(0, ~x) =

∫
d3~k

(2π)3
√

2ωk

[
α(~k)ei~x·

~k + β†(~k)e−i~x·
~k
]

You can show that the following must hold[
α(~k), α†(~k′)

]
=
[
β(~k), β†(~k′)

]
= (2π)3δ3(~k − ~k′)

and all other commutators vanish. Also -modulo an infinite constant term which
you can get away with by redefining the initial action -shifting it by an infinite
amount– the hamiltonian becomes

H ≡
∫

d3~k

(2π)3
ωk

[
α†(~k)α(~k) + β†(~k)β(~k)

]
where β and β† have the same type of commutations with H as α and α†.

And as usual shifting the field via a time translation as before you can show
that the Heisenberg picture field φ(t, ~x) and its dagger obey the Klein-Gordon
equation.

So it seems we have two sets of operators which create and annihilate same
mass particles. To have an unambiguous notation for the Hilbert space we have
to make this distinction. We simply say that The Hilbert space is separated into

2since the classical field is not real so this operator is not hermitean and this is guaranteed
by the use of two different types of operators
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two such that the states are direct product of the states we have constructed
before

|~p1, ~p2, · · · , ~pN 〉 × |~q1, ~q2, · · · , ~qM 〉

The above means to say that there are N ”alpha” type particles with mo-
menta as shown and there are M ”beta” type particles with momenta as shown
but remember that they refer to different species with the SAME mass. The
operators α and α† will hit on the states on the left of the product and the β
and β† hit on the states on the right. If you want to have a reminder from the
addition of angular momentum construction in fact what is happening are the
following

α(~k) = a(~k)× I

and

β(~k) = I × a(~k)

You can now carry over all the conventions for normalization and the action
of the operators on the states by using those of a and a†.

Since we have two sets of operators that create particles of the same mass it
seems we have not found the full set of commuting operators. We again have H
and ~P and those other operators which will constitute a representation of the
Poincare algebra. But none of these will tell us about a difference about these
alpha and beta type particles.

To that end remember that since the field operator obeys the Klein-Gordon
equation there is a conserved current

Jµ ≡ iq
(
φ†∂µφ− φ∂µφ†

)
Thus there is a conserved quantity

Q = J0 = iq
(
φ†∂0φ− φ∂0φ

†)
Show that this can be written as

Q =

∫
d3~k

(2π)3
q
[
α†(~k)α(~k)− β†(~k)β(~k)

]
Question: Did you have to ignore a possibly infinite constant? What would you
have guessed about such a constant? Is it like a zero point energy?

Also show that

[H,Q] = 0

So we have found a furhter operator that commutes with the hamiltonian.
Thus there has to be a label on the states, a good quantum number. To that
end show that

Q |~p〉 × |0〉 = +q|~p〉 × |0〉

and
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Q |0〉 × |~p〉 = −q|0〉 × |~p〉
Also explicitly find the following

Q |~p1, ~p2〉 × |0〉
Q |0〉 × |~q1, ~q2〉
Q |~p1, ~p2〉 × |q1〉

But the symmetry in the lagrangian is φ→ eiqχφ which we know if gauged
will be associated with the electromagnetism and hence one can say that q is
the electric charge of the alpha type particles and hence beta type particles have
opposite charge. They are charge conjugates of each other.

Now let us construct the following operator -not really the charge conjugation
operator in its fullest sense because it only does the exchange on single particle
states: it works to make the exchange |~p〉 × 0〉 → |0〉 × |~p〉.

Ctoy ≡
∫

d3~k

(2π)3
β†(~k)α(~k)

show that

Ctoy|~p〉 × 0〉 = |0〉 × |~p〉
In particular also show that

[Ctoy, Q] = 2Ctoy

Try to make sense out of this +2 on the RHS. Note that this operator only
exchanges one particle with one anti-particle.

Anyway the actual charge conjugation operator should simply replace α’s
and β’s and since any state can be created by the action of the required number
of β†’s and α†’s out of the vacuum state we simply need to define

CαC−1 = ξβ

and
Cβ†C−1 = ξα†

where ξ = ±1 and is called the intrinsic charge-conjugation parity -someting
like intrinsic parity. But let us have ξ = 1 here. Show that with these one has

CQ = −QC
which simply means that if |ψ〉 is an eigenstate of Q state with eigenvalue qTOT
than C|ψ〉 is an eigenstate of Q with eigenvalue −qTOT .

Now let us focus on the following quantity[
φ(t, ~x), φ†(t′, ~x′)

]
Show via an argument similar to the real field case that it vanishes for space-

like separations. But it does not for time-like separations. Note that here the
cancellation is due to an interplay between the contributions of α operators and
β operators.
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