
PHYS 58F HWA5. Due Th Mar 17’th at lecture hours.

Read in detail chapter 5 on exterior algebra since in what follows you will
need various properties and definitions presented there.

Always remember the role of a metric. Note that for a given linear space L
one has a dual space L∗. One can show that there is a canonical isomorphism
between (L∗)∗ and L and hence they can be identified. But, even though L and
its dual L∗ has the same dimension one generally fails to find a canonical isomor-
phism between them. However if there is a metric defined on the vector space L
then one can form a canonical isomorphism which amounts, in the component
language, to the raising and lowering of the indices. A similar situation arise
in exterior algebra even though ΛpL∗ has the same dimensionality as Λn−pL∗

there is no canonical isomorphism without a metric. With a metric there is.
1. Consider a real vector space L with dim(L) = n = 3. Assume that the usual
Euclidean metric is defined on it along with the usual orthonormal right handed
base vectors, e(L) ≡ {e1, e2, e3} so that we have the associated base for the co-
vectors e(L∗) =

{
e1, e2, e3

}
. Because of the presence of the canonical orientation

and the Euclidean metric, which has determinant 1 -since g(ea, eb) = δab-, the
volume 3-form ω in this space takes the form e1 ∧ e2 ∧ e3. Now the space of two
forms is n(n − 1)/2 = 3 dimensional, pick the following forms as basis e1 ∧ e2,
e3∧e1 and e2∧e3 and show that their Hodge dual forms, which becase of n = 3
are 1-forms, become e3, e2 and e1 respectively. Now consider two 1-forms given
as α = αie

i and β = βie
i and construct the 2-form γ = α ∧ β and present γi in

terms of αi and βi using the basis 2-forms defined above. Now find the Hodge
dual of γ and present its components.

Now remember that we have defined an inner product (·, ·) for two p-forms
as follows

(α, β)ω := α ∧ ∗β

and we have shown that one can present it in terms of the components as follows

(α, β) =
1

p!
αi1···ipβi1···ip

where each index will be raised with the inverse of the metric

αi1···ip = gi1a1 · · · gipapαa1···ap

Now consider the basis p-forms for each ΛpL∗, that is 1 for p = 0, ei for
p=1, the basis 2-forms defined above and the volume 3-form. Find the norm of
all these in relation to the inner product defined above. Interpret each of these
magnitudes in terms of geometrical quantities. If you have an argument that
would give these numerical values without calculation by all means present it.

So now we realize why in three dimensional Euclidean plane the so called
vector product essentially is a vector that defines an area: It is simply because
the 2-form space is isomorphic to the 1-form space. But as we have discussed
this nice property is absent for higher dimensions since n(n− 1)/2 = n only for
n = 3.
2. Remember we have defined an inner product (α, β) ∈ R as

(α, β)ω := α ∧ ∗β

where ω is the metric volume form.
Show that one has (β, α) = (α, β) and that (α, β) = 0 for all β implies

α = 0. Show also that (∗α, ∗β) = sign(g)(α, β) where g is the determinant of
the metric.
3. Read 5.4. And solve 5.4.1, 5.4.2 and 5.4.3.
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4. We have an inner product for forms which we have denoted as (α, β) where
they are both p-forms. Surely once one has an inner product in a vector space
one can define adjoint operators via

(O†α, β) := (α,Oβ)

where O is a linear operator acting on the algebra of forms Λ∗L = ⊕n
p=0ΛpL∗.

Now remember the operator η̂ which was giving the degree of a p form.
That is η̂α = (−1)pα where α ∈ ΛpL∗. So η̂ is a linear operator -a map- from
ΛpL∗ → ΛpL∗. Find η̂†.

Remember that the Hodge duality ∗ is another linear operator, a map
ΛpL∗ → Λn−pL∗. Since the dimensionalities of these are the same it is ac-
tually an isomorphism and very well defined. Find ∗†.

Now let us define something more esoteric. Consider a map O such that it
multiplies all forms from the left by a given fixed one form, for instance the first
of the basis one forms e1, so it is a map from ΛpL∗ → Λp+1L∗, with of course
p+1 ≤ n. Find the action of O† on a 1 form for simplicity. If you are interested
to it for a general p+ 1 form.
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