
PHYS 58F HWA7. Due Th Apr 14’th at lecture hours.

1. Consider a finite group G generated by two generators that obey the presen-
tation r3 = f2 = e and rfrfrf = e (yes rf to the power three). First find out
how many elements nG this group has and draw its Cayley diagram (not neces-
sarily independent tasks); you can use a single undirected coloured line for the
generator that has period two to have an uncluttered diagram. Find the period
of all its elements. List all of its subgroups and list which ones are abelian and
which ones are not, also classify them for normality (are they normal subgroups
or not).

Now find all its classes and enumerate the number of elements in each class.
Remember that the class (a) of an element a can be mechanically found via

(a) =

nG⋃
i=1

giag
−1
i

where gi ∈ G and as a convention g1 = e.
Now a representation of a group is a homomorphism to the space of non-

singular matrices with complex entries GL(n,C) where n is called the dimen-
sionality of the representation. An reducible representation is that which for
all the elements of the group all corresponding matrices can be brought to the
same block diagonal form. Those atoms composing the separate block diag-
onals which can not be further reduced are called irreducible representation.
Note that the matrices representing elements in the same class must have the
same trace and determinant. Now assume without proof that the number of
irreducible representations nR is equal to number of classes nC . Also accept
without proof that given the dimensionality of these irreducible representations
one has

nG =

nR∑
i=1

d2i

where by convention d1 = 1 where all elements are represented by the number
1, the trivial representation. From this relation deduce all di. You can also
use the fact that if a one dimensional irreducible representation is complex then
its complex conjugate is also an independent irreducible representation. Thus
explicitly find all one dimensional irreducible representations. Digress about
the remaining irreducible representations; can you think of this group as the
symmetry group of an object?

2. Consider the group of affine transformations on a one dimensional real
vector space. That is the transformations of the type x′ = ax+α; so the group
parameter space is to be a two dimensional manifold. Are there conditions
so that the inverse transformation should exist? What can you say about the
topology of this manifold? Now solve 11.1.13 and 11.1.15.

3. Consider an algebra spanned by two objects. Show that if the commutator
is closed on this set one can generally find a linear combinations of the objects
such that one has

[A,B] = B

SO there is a unique two dimensional Lie algebra. Now try to find a 2x2 ma-
trix representation of it. (Note that they won’t necessarily both be hermitean.
Why?) Now try to find another representation where A and B are vector fields
over R, that is they have the form A = a(x)∂x and B = b(x)∂x.

4. Solve 11.1.12.
5. Consider M = R[x, y] and the vector fields x∂y − y∂x = J , Tx = ∂x and

Ty = ∂y over it. Find all possible commutators and describe the RHS of those
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in terms of J , Tx and Ty. Note that you have found one three dimensional lie
algebra.

Now consider the standard Euclidean metric tensor on M given as g =
dx⊗ dx+ dy ⊗ dy. Show that the Lie derivative of g with respect to any of J ,
Tx and Ty vanishes so they are isometries of g. Are they the only ones?

Now try to enlarge the set of vector fields such that one now has homotethies
of g.
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