
PHYS 58F HWA8. Due Th Apr 28’th at lecture hours.

1. Regular representation of a discrete group with nG <∞. We can present the
multiplication table of a group G in various ways. For instance let us consider
the following presentation

G/? e a2 a3 · · · anG

e e
a2
−1 e

a3
−1 e
...

anG
−1 e

The column is given in terms of the inverses but since we use all inverses it is
the group itself (G−1 ≈ G) there is no loss of generality: the table still contains
the same information. We also choose to fill the table itself using the ai not the
a−1i . So what we read from the multiplication table above is of the form

ai
−1 ? aj = ak

As an explicit example for this type of presentation here is the multiplication
table of C3:

C3/? e a a2

e e a a2

a−1 a2 e a
a−2 a a2 e

Now let us associate an nG × nG matrix to every element ak of the group
with the following precise definition

R(ak)ij =

{
1 iff ai

−1 ? aj = ak
0 otherwise

Prove that this furnishes a faithful representation. That is show that one has∑
j′

R(ak)ij′R(al)j′j = R(akal)ij

of course the sum over j′ in the above represents the matrix multiplication. Note
in particular that R(e) is an nG×nG identity matrix. Also note that other than
R(e) all matrices in the regular representation must have a vanishing trace. One
can also see that the regular representation is faithful (that is a unique matrix
for all elements) and that it is real. However it is not irreducible (that is there
are degrees to bring all those matrices to a block diagonal form.
2. We have seen that for continuous groups one can see the group as a manifold
where group axioms hold. Every point in the group space represents an element
of the group. So the group composition -what we called the product in the finite
groups- is an arbitrarily differentiable function on this space. Let us assume the
dimensionality of the space of G is r. Then every point on it can be assigned a
co-ordinate. The composition must reflect he closure property

TaTb = Tc

And we have cν = ϕν(a, b) where r = 1, 2, · · · , r.
The group axioms applied to this arbitrarily differentiable function are as

follows
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• Associativity: ϕν(a, ϕ(b, c)) = ϕν(ϕ(a, b), c)

• Identity Element -which we assign to the origin of the co-ordiantes-: ϕν(a, 0) =
ϕν(0, a) = aν .

• Inverse Element: ϕν(a, ã) = ϕν(ã, a) = 0.

The last relation should be seen as an equation for ã that must have a
solution. Since we assume that the function ϕ is smooth one can show that
if Det(∂ϕν/∂bλ) 6= 0 is necessary and sufficient for a non-zero solution.

Now let us expand the composition law ϕ(a, b) up to and including third
order elements in a and b. Show that the existence of the identity element as
the origin of the co-ordinates mandates the following form1

ϕν(a, b) = aν + bν + fναβa
αbβ + hναβγa

αaβbγ + gναβγb
αbβaγ +O(4).

Where summation over the repeated indices is implied. Note that g and h should
be taken to be symmetric in their first two lower indices since the anti-symmetric
part here does not contribute to the function.

1. Now using this expansion and keeping it always up to and including O(3)
terms show that after imposing the associativity condition, one -after suit-
able relabeling of dummy indices- has

Dναβγaαbβcγ = 0

where

Dναβγ = fνλγf
λ
αβ − fναλfλβγ − hναβγ − hνβαγ + gνβγα + gνγβα

Since a, b and c are arbitrary we must therefore have

Dναβγ = 0

Hint: In manipulating the long and tedious expressions involving the as-
sociativity condition be very slow and careful. Also note that we shall at
the end cut the expression to third order terms so no need to keep track
of those that are order four and higher. Since we shall cut the expression
convince yourselves that it is only the f terms in ϕ that will give us a
cross-term from the associativity condition. With resolve it should not
take too much time.

Now since Dναβγ = 0 so is its completely anti-symmetric part in αβγ. First
due to their symmetries in the first two indices h and g can not contribute
to this fully anti-symmetric part so it must be a condition on only f !!.
To calculate the fully anti-symmetric part do the following symbolic index
manipulations;

1I suggest you write the expansion of ϕ as a+ b+fab+haab+gbba and when you perform
the expansion of the associativity condition never commute any term. This will give you a
handle on the indices without writing them.
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αβγ + γαβ + βγα− αγβ − βαγ − γβα

This will be a six term expression which constraints only f . Now define
the object which is anti-symmetric in its lower indices

Cλαβ ≡ fλαβ − fλβα

and show that the condition is

CνγλC
λ
αβ + CνβλC

λ
γα + CναλC

λ
βγ = 0

The rest of the equations from Dναβγ give a relation connecting f , g and
h which is expected since the associativity condition is a constraint on ϕ.

2. Now using the same expansion for ϕ and the equation ϕ(a, ã) = 0, show
that to second order the inverse element’s co-ordinates are given as

ãν = −aν + fναβa
αaβ +O(3)

Note that the anti-symmetric part of f does not have a say in the inverse!!

3. Now consider the group commutator defined as Tu = TãTb̃TaTb which
would mean that one has

uν = ϕν(ϕ(ã, b̃), ϕ(a, b))

use the results you have found so far to show that to second order one has

uν = Cναβa
αbβ +O(3)

Note that only the anti-symmetric part of f has a say in the inverse.

3. Read pages 118-125 in Gr̈sey’s notes and make sure you understand what is
exposed.
4. Consider the following matrix with complex entries

U =

(
α β
γ δ

)
Show that if one imposes U†U = I and DetU = 1 one ends up with three

free real parameters.
Now let us use a somewhat non-standard presentation (and peculiar to this

case only) of SU(2) group. Show that the following is a 2x2 special unitary
matrix, that is UU† = U†U = I and detU = 1;

U(~a) ≡
√

1− a2I + i~a · ~σ

where ~σ are the Pauli matrices and parameters ai are real obeying a2 ≤ 1.
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This condition on a2 can be represented as follows. Set a new co-ordinate
a4 and consider the constraint equation

(a1)2 + (a2)2 + (a3)2 + (a4)2 = 1

where of course all parameters are constrained to have absolute values less
than or equal to 1. But this is equation of a three-sphere embedded in four-
dimensional Cartesian space, and we surely have

a2 = 1− (a4)2 ≤ 1

Thus the group parameter space of SU(2) is S3. Note that S3 is a simply
connected space: Any curve starting and ending at the same point can be
shrinked to zero. See therefore that S1 is not simply connected.

Now consider the group product rule2

U(~c) = U(~a)U(~b) −→ ~c = ~ϕ(~a,~b)

Show that one gets without any approximations

~ϕ(~a,~b) = ~a
√

1− b2 +~b
√

1− a2 − ~a×~b

or in component notation

ϕi = ai
√

1− b2 + bi
√

1− a2 − εijkajbk

Now define the object

µα
γ(~a) ≡ ∂ϕγ

∂bα
|b=0

and via this define the operator -vector field in the group space-

Xα(~a) ≡ µαγ(~a)
∂

∂aγ

Now show that one has

[Xα(~a), Xβ(~a)] = −2εγαβXγ(~a)

Be careful as there will be a subtle recombination of operators along the
calculation.

Now make a different approach define the objects

Tα ≡
∂U(~a)

∂aα
|~a=0

Note that Tα do not depend on ~a it is simply a matrix. Show that

[Tα, Tβ ] = −2εγαβTγ

We shall now consider the generators in the form of III.35 on page 124 of
Gürsey’s lecture notes.

2Note that if we assume these unitary matrices act on a two dimensional complex vector
space and if U(c) = U(a)U(b) is supposed to mean U(a) first and U(b) second one must act
it to the left.
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Consider the following left action of the matrix U(~a) on a two dimensional
complex vector space (

z ζ
)
U(~a) =

(
z′ ζ ′

)
From this relation you will extract the function defining χ′ = f(χ,~a) where

χ represents the row vectors above. Now express the infinitesimal generators
which are differential operators X̃α as defined in III.34 and III.35. Show that
they obey [

X̃α, X̃β

]
= −2εγαβX̃γ

Now show that in all cases on will get rid of the factor of 2 on the right
hand side by letting ~a → ~a/2. It would have been possible to give this form
right from the beginning but the extra factors would have cluttered your long
calculations3. Furthermore changing from a left action to a right action is now
easy since this would entail ~φR(~a,~b) = ~φ(~b,~a).

Now consider the following more standard presentation of SU(2)

U( ~A) = exp
(
i ~A · ~S

)
with ~S ≡ ~σ/2. Find ~a in terms of ~A when in the original presentation one made
~a→ ~a/2.

3The definition with a → a/2 is actually the standard choice of parameters as it connects
the su(2) algebra to that of the generators of rotations in three dimensional space, namely the
so(3) algebra
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