
PHYS 58F Supplemental Material I.

1. Compactness The issue is exposed in depth in the associated Wikipedia
page. You can reach it by searching compactness. The idea is that a subset of
the Euclidean spaces is closed -in that it contains all its limit points- and that it
is bounded -in that the distance for any two points on the set lie in the interval
[0,d] where d is a fixed number.

With this one realizes that the closed interval [a, b] is compact whereas if
one has any open side it is non-compact. That is [a, b), (a, b] as well as the open
set (a, b) are non-compact; so just that it seems to have finite volume1 does not
mean it will be compact.

Note that any discrete set is compact with these definitions.
Another definition uses the open covers Ua of a set X. It says that if for any

open cover one can finite a finite sub cover the space X is compact. That is if

X = ∪a∈AUa

where Ua are open sets one can find a cover Ui that has finite number of subsets
of X that covers X

X = ∪i∈JUi
where J is a finite subset of A. The finiteness of the sub cover is essential. Also
note that for manifolds where an open cover is essential for co-ordinate charts
this definition seems to be a bit more natural.

A direct application will show that R is non-compact. This is so since one
can show that it is homeomorphic to the open interval (0, 1) and compactness
is an invariant under homeomorphisms, that is it is a topological property. You
can find the list of all topological properties in Wikipedia as well. Just search
the keyword. But, in this example, you can also try to find a cover that do not
yield a finite sub cover as an exercise.

There is a notion called the extended real line R̄, where one compactifies the
real line R with two elements called ±∞ these elements are nor real numbers
but nevertheless are added as points. One can show that R̄ is homeomorphic to
the closed interval [0, 1] and hence is compact2. We also have R ⊂ R̄.

Using the definitions one can show that S1, the circle, is compact. This is
so since one can show that it is homeomorphic to the closed interval [0, 1] with
the end points identified and identification of the end points can not change its
compactness.
2. Boundaries The concept of a boundary is a bit more involved, for me at
least. Since it depends on being a subset or in simpler terms on how a set is
seen as a subset of another set. There does not seem to be something called
”the” boundary of a set as for instance its cardinality. It is a topological notion.
Quoting verbatim from Wikipedia; —— In topology and mathematics in general,
the boundary of a subset S of a topological space X is the set of points which can
be approached both from S and from the outside of S. More precisely, it is the set
of points in the closure of S, not belonging to the interior of S. An element of
the boundary of S is called a boundary point of S. The term boundary operation
refers to finding or taking the boundary of a set. Notations used for boundary
of a set S include bd(S), fr(S), and ∂S. Some authors (for example Willard,
in General Topology) use the term frontier instead of boundary in an attempt
to avoid confusion with the concept of boundary used in algebraic topology and
manifold theory. However, frontier sometimes refers to a different set, which is

1See the final part of this supplemental where we have a quick review of integration over
manifolds.

2This one is a bit more familiar to us in the context of integration where the extended real
line is used not as a manifold but as a number system.
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the set of boundary points which are not actually in the set; that is, S S. —-
Note that the definition of the boundary depends on the definition of a topology
on the set. But one can show that the boundary of a general set is closed. Also
one can see that the boundary of a set X, as seen only as a set in of itself, will
be an empty set no matter what topology is defined on it. If however the set X
is seen as a subset of another set it may have non-trivial boundary.

Again quoting from Wikipedia;
The boundary of a set is a topological notion and may change if one changes

the topology. For example, given the usual topology on R2, the boundary of a
closed disk Ω = {(x, y)|x2 + y2 ≤ 1} is the disk’s surrounding circle: ∂Ω =
{(x, y)|x2 + y2 = 1}. If the disk is viewed as a set in R3 with its own usual
topology, i.e. Ω = {(x, y, 0)|x2 + y2 ≤ 1}, then the boundary of the disk is the
disk itself: ∂Ω = Ω. If the disk is viewed as its own topological space (with the
subspace topology of R2), then the boundary of the disk is empty.

Another important property of the boundary operation is that if we have
two topological spaces X and Y which are homoemorphic to each other with
the homeomorphism f : X → Y then one has the following

∂(f(A)) = f(∂A)

for A a subset of X. So if the ∂A is the empty set then so must be the boundary
of the image of A: Since f(φ) = φ is a must and we see that ∂φ = φ from the
definitions. If we take A = X so that f(X) = Y , the above tells us that
∂Y = f(∂X).

Also with the usual topology on R which uses the open intervals the bound-
ary of all intervals are the end points that is the boundary of [a, b], [a, b), (a, b]
and (a, b) are all the set {a, b}. But note that here the intervals are seen as
subsets of R and not as sets for themselves. When they are seen as subsets of
the real line the notion of interior and exterior are well defined and hence the
above results for the boundaries. But if all of the intervals above are considered
as topological spaces themselves without seeing them as subspaces of R they do
not have boundaries! Since the notion of exterior is gone; or it is always the
empty set.

Now let us consider the open interval (−1, 1) as a topological space in of
itself and consider the following homeomorphism to R

f(x) =
x

x2 − 1

Since limx→±1 f(x) = ±∞ which are not contained in R we see that ∂R =
φ, the real line has no boundary3. This should have been apparent from the
beginning because the open interval (−1, 1) as seen as a topological space in of
itself has no boundary.
Integration on Manifolds

Let us remember how the study goes. We first construct Euclidean stan-
dard simplices -remember that any simplex can be mapped to the standard
simplexes. But we must remember that the standard simplices are seen as

3I remember having said in lecture to Gökhan that the real line will have two boundary
points, which are ±∞. This is incorrect as far as R as a manifold is considered in of itself.
Yet this is true for all manifolds: Since all topological spaces have no boundary if seen only
in themselves. But for integrations on R the limits may be extended and one may consider
the extended real line R̄. More on this in the last part of this supplemental.
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subsets of Euclidean Rn. For instance, the standard one simplex is the closed
interval [0, 1] which is compact and is seen as a subspace of R, and hence has
a non-trivial boundary: the set {0, 1}. Remember the definition of the action
of the boundary operator ∂ acting on these given in Fecko’s book. All stan-
dard simplices are compact and have a non-trivial boundary except for the zero
simplex which is a point that has the empty set as boundary. Remember we
have named the standard p-simplex as as s̄p. From a standard p-simplex any
desired Euclidean p-simplex sp can be constructed by affine transformations on
Rn given as x̃i = Aijx

j + aj where det(A) 6= 0. Furthermore we have also de-

fined a p-chain as the formal sum over the p-simplices c = cis
i
p. The chains are

certainly domains in Euclidean space. You can generally call it the tessellation
(a generalized notion for triangulation). It should be clear that an arbitrary
domain in the Euclidean space can be seen as the limit of a sequence of chains.
For instance consider the disk in R2 it can be covered as a sequence of triangles
-surely an infinite number is required.

We thus have achieved the following: Given multiple Riemann integrals, the
integrands can be seen as differential forms on Euclidean space and the integra-
tion regions as chains that can be covered with standard Euclidean simplices.

But note that the Riemann integrals are defined on regions which are both
compact and that have boundary -since the definition of the Riemann sum uses
the endpoints in the definition. For instance when we write down the Riemann
integral of a function f(x) as follows∫ b

a

dxf(x)

the domain of the integration is the closed interval [a, b] seen as a subset of the
real line R. If we appreciate this, the use of the standard simplices which are
all compact with boundaries should become more clear.

At this point I again quote from Wikipedia on Riemann and Lebesgue inte-
grals,

——
To get some intuition about the different approaches to integration, let us

imagine that we want to find a mountain’s volume (above sea level).

The Riemann–Darboux approach: Divide the base of the mountain into a
grid of 1 meter squares. Measure the altitude of the mountain at the center of
each square. The volume on a single grid square is approximately 1m2 (that
square’s altitude), so the total volume is 1m2 times the sum of the altitudes.

The Lebesgue approach: Draw a contour map of the mountain, where adja-
cent contours are 1 meter of altitude apart. The volume of earth a single contour
contains is approximately 1 m (that contour’s area), so the total volume is the
sum of these areas times 1 m.
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Folland summarizes the difference between the Riemann and Lebesgue ap-
proaches thus: ”to compute the Riemann integral of f, one partitions the domain
[a, b] into subintervals”, while in the Lebesgue integral, one is in effect parti-
tioning the range of f.”

Lebesgue explains his method as follows:
I have to pay a certain sum, which I have collected in my pocket. I take the

bills and coins out of my pocket and give them to the creditor in the order I
find them until I have reached the total sum. This is the Riemann integral. But
I can proceed differently. After I have taken all the money out of my pocket I
order the bills and coins according to identical values and then I pay the several
heaps one after the other to the creditor. This is my integral.

——
If you read further in the associated Wikipedia article you will see that the

domain of integration in Lebesgue’s definition is essentially non-oriented since it
uses the notion of a measure. So the use of simplices to triangulate the domain
of integration forces us to use the Riemann definition of the integral at least in
the formalism developed in Fecko’s book. I leave this digression on Riemann
and Lebesque integration here.

Now let us go back. How do we define an integration over manifolds? As we
have done in class we first realize the following for Riemann integrals under a
co-ordinate change Φ4 ∫

Φ(D)

α =

∫
D

Φ∗α

The procedure is now clear: say we have a p-form field β over a manifold
M we can create a map Φ from Euclidean space to M in such a way that one
can map Euclidean p-simplices (and hence as a consequence p-chains which are
formal sums of the p-simplices) in a smooth way. Then we define the integral β
over a domain D ⊂M as follows∫

D

β :=

∫
Φ−1(D)

Φ∗β

Note that the RHS contains forms on the Euclidean space and regions in the
Euclidean space. Since the Euclidean simplices are compact and with boundary
so will be the mapped simplices Φ(s̄p) ∈M . Thus the full connection to multiple
Riemann integrals are finished.

Remember that we have also discussed the Stoke’s theorem which simply
says that ∫

D

dα =

∫
∂D

α

The general proof of course stands on the proof of the theorem using standard
Euclidean simplices over Euclidean space.

Now let us consider a seemingly confusing use of Stoke’s theorem. Let us
consider an exact one-form on R; for instance dα = dx ∂xf(x). Surely this does
not necessarily vanish. Now let us assume we would like to integrate it over the

4Remember that we were able to identify the Riemann integrals over domains as integrals
of forms in Euclidean space.
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full manifold R which we have seen has no boundary5, Stoke’s theorem seems
to give ∫

R
dα =

∫
∂R
α =

∫
φ

α = 0 ? (1)

A weird statement.
On the other hand, on any finite interval say D = [a, b] with ∂D = {a, b}

Stoke’s theorem will mean∫
D

dα =

∫
∂D

α = f(b)− f(a)

What is happening? The answer is simply that the integral below is not a
proper Riemann integral ∫ ∞

−∞
dx g(x)

but is called an improper Riemann integral and can only be defined as a limit.
To define integrals on manifolds we have used the Riemann integral, which is

always defined on compact regions which are subspaces of the Euclidean space,
but R is non-compact. So the equation (1) is not applicable directly and hence
does not contain information.

But one may in fact proceed in the following way: Assume that we simply
want to make sense of integral over the full line such that the Stoke’s theorem
will be somehow applicable as a statement. One can proceed to the extended
real line R̄ which includes ±∞ as elements and R̄, being homeomorphic to [0, 1]
is compact. Note that as a space in of itself R̄ does not have a boundary but
we have R ⊂ R̄ and R as seen as a subspace of R̄ will have a boundary, namely
the set with two points {+∞,−∞} with orientation.

In this case we have∫
R⊂R̄

dα =

∫
∂(R⊂R̄))

α = lim
t→∞

f(t)− lim
t→−∞

f(t) (2)

Now what to make of all this? Remember that the boundary operation
depends on the placement of a set inside another set and we have in principle
only defined integration over subspaces of a given manifold M . Yet some spaces
will not have a boundary even seen as subspaces of some ambient space. For
instance consider S1 in of itself it has no boundary, that is given. But can one
place it inside a space so that it has a boundary? The answer is negative, I
believe. The same goes for all the spheres and any direct product involving
them. So we should be all right to integrate over spaces as seen in themselves
that are compact and without boundary: The so called closed manifolds.

Consider S1 and an exact one for on it α = df , where f is a function. Stoke’s
theorem will yield ∫

S1

df =

∫
∂S1

f =

∫
φ

f = 0 X

To see how this is correct we can see the circle as a [0, 1] ∈ R such that
the two ends are identified -and hence the apparent boundary from the interval

5In fact all manifolds as seen as a topological spaces in of themselves have no boundary,
as previously stated.
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goes away- and hence represent the same point, the rest will follow from the
definition of the Riemann integral and that that f(0) = f(1) as a result of the
identification.

Now to finalize this, I must say I blundered when I uttered R has two bound-
ary points, namely ±∞. What I had in mind was that something like equation
(1) must be crazy. But it seems I did not know the details that go behind
the scenes, I did some reading and came up with a resolution of my own as in
equation (2), which may still be a bit loose. Yet integration over non-compact
manifolds is as you see a problematic issue.

Let me conclude with something Mark Twain said,
It ain’t what you don’t know that gets you into trouble. It’s what you know

for sure that just ain’t so.
:)
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