
KAKIst 2014-2014. Homework Assignment 2. Due Friday Oct 17’th.

The connection of SU(2) group and the group of rotations in 3D
Let us denote a 3 vector as a column list of its components. A rotation

of these components are achieved via orthogonal matrices. This is so, because
if xT = (x, y, z) and the rotations is achieved via a matrix O we should have
x′ = Ox. If we further demand that the length of the vector is invariant we
need x′Tx′ = xTx we must have OTO = OOT = I. This as result also implies
that det(O) = ±1. The ones with +1 are proper rotations and the ones with
−1 involve some sort of mirror reflection: That is one can always write down
the ones with −1 as a composition of a rotation and a mirror reflection. Let us
thus focus on orthogonal matrices with unit determinant.

It is clear that if O = eA we must have AT = −A which manifestly have
Tr(A) = 0. Furthermore in three dimensions an antisymmetric matrix has 3
degrees of freedom so the proper rotations will be a three parameter continuous
group.

Show that given two antisymmetric matrices A and B. One has O = eAeB an
orthogonal matrix. Which itself can be written as eC where C is antisymmetric.
The exact composition C(A,B) is complicated for general parameters. However
we know the following: Since in three dimensions an antisymmetric matrix
requires 3 elements these can be associated with pseudo-vectors. So if ~a and ~b
are the pseudo vectors associated with A and B for small rotations we can find
out that ~c -associated with C- is given as ~a ×~b. That is why cross product of
two vectors which again gives a vector -only in 3D- is so central in rotations
-especially in Euler equations of rigid bodies. Can you infer why we should have
pseudo-vectors here in view of ~c = ~a×~b?

Now to give these a strict meaning we can study rotations about different
axis separately. Let us remember that

x′ = Rz(θ)x←→

 x′

y′

z′

 =

 cos θ sin θ 0
− sin θ cos θ 0

0 0 1

 x
y
z


represents a rotations about the z axis. Let us define

Jz ≡
1

i

dRz(θ)

dθ
|θ=0 =

 0 −i 0
i 0 0
0 0 0


By using appropriate definitions for Ry(φ) and Rx(ψ) and from them assess-

ing the generators Jy and Jx show that

[Ji, Jj ] = iεijkJk

where summation over k is implied. In this exercise be careful about the way
you define the rotation matrices. Your handedness convention must be the same
for all of them.

A finite rotation can now be described as exp(i ~J · ~a) where ~a contains the

parameters. Now take exp(i ~J ·~a) exp(i ~J ·~b) and expand to first non-trivial order

in ~a and ~b and interpret it as an expansion of exp(i ~J · ~c). Find ~c.
Now let us go back to the group SU(2). It is the group of 2x2 unitary

matrices with unit determinant. One can express these as eiH where H† = H
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is a hermitean matrix. The unit determinant condition means that Tr(H) = 0.
One can show that there are three such basis matrices and they are called the
Pauli matrices. Thus one can express H in terms of them. That is H = ~α · ~σ/2
with ~α real is the most general traceless hermitean matrix.
Show that

U(~α) ≡ exp(i~α · ~σ/2) = cos(θ/2) + i~σ · α̂ sin(α/2)

since one has

[σi, σj ] = i2εijkσk

So the generators of SU(2) and 3D rotations obey the same algebra. But are
these the same groups? Certainly not. Is there a relation? This is now what we
shall study.

Consider the following object

X ≡ ~x · ~σ =

(
z x− iy

x+ iy −z

)
This is a traceless matrix and it has unit determinant. That is det(X) =

x2 + y2 + z2. But since X is a hermitean matrix the group SU(2) will act on
this via the following way

X ′ = U(~α)XU†(~α)

evidently X ′ is hermitean and traceless and since det(U) = 1 we shall have
det(X ′) = det(X) which means x′2 + y′2 + z′2 = x2 + y2 + z2. And surely we
must have

X ′ =

(
z′ x′ − iy′

x′ + iy′ −z′
)

What is amazing is that the relations between x′, y′ and z′ are represented by
an orthogonal transformation on x, y and z. That is one has

exp(i~α · ~σ/2)↔ exp(i ~J · ~α)

SHOW this explicitly for the case ~α = αk̂ namely rotations about z axis.
Now the question remains. Is this map from SU(2) to the group of rotations

in 3D one-to-one? The answer is NO since I and −I of SU(2) -which still has
determinant one since it is a 2x2 unitary matrix- are mapped to the I of the
rotations. In general U(~α) and −U(~α) are both sent to the same rotation matrix
of the 3D rotations group SO(3). Thus we say SU(2) covers SO(3) in a two-fold
way.

Now let us remember the lorentz transformations in 3+1 dimensions. We
have found that for boosts along the x direction the transformation can be
written as -c = 1-,

x′µ = Λµν(η)xν ←→


t′

x′

y′

z′




cosh η − sinh η 0 0
− sinh η cosh η 0 0

0 0 1 0
0 0 0 1




t
x
y
z
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where β = v = tanh η. We now define the following generator of this boosts

Kx ≡
1

i

dΛ

dη
|η=0

Using the appropriate definitions SHOW that we have the following

[Ji, Jj ] = iεijkJk

[Ji,Kj ] = iεijkKk

[Ki,Kj ] = −iεijkKk

This is called the Lorentz algebra. Note that the Lorentz boosts do not from a
subgroup since their generators do not form a subalgebra: The commutator of
two boost generators is a rotation generator.
Now define ~A ≡ ( ~J + i ~K)/2 and ~B ≡ ( ~J − i ~K)/2 and show that we get

[Ai, Aj ] = iεijkAk

[Bi, Bj ] = iεijkBk

[Ai, Bj ] = 0

So we see that the Lorentz group has the same algebra as SU(2)xSU(2). This
is a great help!.

The operators that commute with all the generators are therefore A2 and B2.
But since we know that SU(2) irreducible representations require a single num-
ber j where j = 0, 1/2, 1, 3/2, /cdots we can say that irreducible representations
of the Lorentz group require two such numbers (jA, jB) and its dimensionality
will be (2jA + 1)(2jB + 1).

Now under the parity transformation one has ~J → ~J but ~K → − ~K since
the latter is a proper 3 vector. Show that under parity transformation one has
(jA, jB)→ (jB , jA).

SHow ~J · ~K = ~K · ~J . Show also that -using the discussion on the previous
paragraph- the operators J2−K2 and ~J · ~K commute with all the generators Ji
and Ki of the Lorentz algebra. Show also that if jA = jB one must have ~J · ~K.
We have derived the commutation relations using the 4 dimensional 4-vector
representation of the Lorentz transformations, calculate ~J · ~K for this repre-
sentation.

What values of (jA, jB) will be 4 dimensional? Which of there will be invari-

ant under parity transformations? Also discuss under what conditions ~J · ~K = 0
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