
KAKIst 2014-2014. Homework Assignment 3. Due Friday Oct 24’th.

In whatt follows we now revert to the conventions by Weinberg. Note that he
is using the metric with (−1, 1, 1, 1). He uses index 0 for the time-like component
of four-vectors but sometimes he puts them in the fourth place such as Xµ =
(x, y, z, t).

Now consider the Poincaré algebra in equations 2.4.12-14 on page 60.
• Show that PµPµ commutes with all the generators of the algebra. Hint: The
use of [AA,B] = A [A,B] + [A,B]A will prove to be very useful.
Now define Wµ = 1

2εµνλσJ
νλPσ. Note that Weinberg uses the normalization

ε0123 = +1 so when lowering indices one gets ε0123 = −1.
• Use the definitions on 2.4.15 and 2.4.16 and of course that P 0 = E. Find the
components of Wµ in terms of ~J , ~K, E and ~P . In particular note the form of
W0.
• Show that WµPµ = PµWµ = 0.
• Show that [Wµ, Pν ] = 0.
• Show that i [Jµν ,W ρ] is such that the RHS is like that of 2.4.13 where P is
replaced by W . This means that under Lorentz transformations W transforms
like P and hence a true four-vector and not just a collection of objects.
• Show that [Wµ,W ν ] = iεµνρσWρPσ.
• Show finally that WµW

µ commutes with Pα, Jαβ and Wα.
So the a maximal set of commuting operators will include PµPµ ≡ −M2,

WµWµ, WµPµ = 0, all of Pµ and some of Wµ in view of the fact that W
and P commute.We can not take all of Wµ since they do not commute among
themselves. So a representation -or a state for that matter- will have to be
labelled by the eigenvalues of this maximal commuting set.

It is customary to first use how the eigenvalues of PµPµ = −M2, where M2

is called the mass squared operator which can have positive zero or negative
eigenvalues.

The vacuum representation Pµ = 0
Assume that there is a state |vac〉 such that Pµ|vac〉 = 0. So the eigenvalues

pµ of the operator Pµ are all zero.
Use the action of the commutator [Jµν , Pσ] |vac〉 to show that Jµν |vac〉 =

jµν |vac〉 where now the eigenvalues jµν being numbers must furnish a represen-
tation of the Lorentz group. There is no such representation and one must have
jµν = 0. We have recovered the fact that vacuum is the same for all inertial
observers and that it is a homogeneous medium. This comes from the fact that
since the generators kill this state the Lorentz and translation symmetries which
are in essence exp(generators× parameters) will not change it.

The representation M2 > 0 and P 0 > 0 -and hence M > 0.
Since we have Pµ a time-like 4-vector in this case, there must always be an

observer where the space components of the 4-momentum vanishes. This frame
is called the center of momentum frame or also the rest frame if we have a single
particle. So we can study the representation in this frame and then boost to
any other frame we like.

Thus in this rest frame we shall have P 0 = E = M and ~P = 0 when they
act on the state we are after.
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• Show that W 0 = 0 and ~W = M ~J when they act on this state under these
requirements and consequently WµWµ = M2 ~J · ~J .
• Argue therefore that the maximal set of commuting operators can be taken
to be W z, WµWµ, PµPµ and Pµ.
• Show that on these states we have [Wi,Wj ] = iεijkMWk which is in essence
the su(2) algebra for which we know all the representations.
• Thus argue that this state we are after can be labelled as |M ; j,mj〉 where
j = 0, 1/2, 1, 3/2, · · · and mj = −j,−j+1, · · · , j−1, j and hence contains 2j+1
values of mj . We call this degree of freedom the SPIN since it represents an
angular momentum for a point particle at rest.

One now has to figure out how to boost this to arbitrary momentum. We
shall talk about it next week.

The representation M2 = 0 and P 0 > 0: Massless representation.
This representation is very counter-intuitive and rich. First of all we know

that PµPµ = 0 on such states. But we can nevertheless consider a standard form
in a given inertial frame and after finding the state we can boost to arbitrary
inertial frames. One can always find a frame in which P 0 = k = P 3 and
P 1 = P 2 = 0 when they act on the state.

Let us denote this state as |k;σ〉 where σ represents any other set of labels
we shall discover.
• Argue using WµPµ = 0 that W 0 = W 3 ≡ C and that W 1 ≡ A and W 2 ≡ B
with essentially A 6= B. Show that C = kJ3. Do not much bother with the
explicit form of W 1 and W 2 just now. But show that WµWµ = A2 +B2.
• Show using the commutators of Wµ among themselves that we shall have

[C,A] = ikB

[C,B] = −ikA
[A,B] = 0

Since W 1 = A and W 2 = B commute with each other we should thus include
them on the set of commuting operators to label the states. Thus we should
assume

A|k;σ〉 = a|k;σ〉

and

B|k;σ〉 = b|k;σ〉

But in view of the algebra of A, B and C this means the following.
First define the operator exp(iθC/k) = exp(iθJ3) ≡ U(θ) and show that

U(θ)AU†(θ) = A cos θ −B sin θ

and that

U(θ)BU†(θ) = A sin θ +B cos θ

and thus the state U(θ)|k;σ > is also an eigenstate of A and B with eigenvalues
a cos θ − b sin θ and a sin θ + b cos θ respectively.
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This means that once we have one set of eigenvalues a and b which are
non-zero we have a continuous set of eigenvalues.

Such continuous degrees of freedom are not YET OBSERVED -other than
mass and momentum -and hence energy.

So using this input from NATURE we set a = b = 0 so that a massless
does not have a continuous degrees other than its momentum. We thus have
WµWµ = 0. We shall thus omit the labels a = 0 and b = 0.

With this choice it seems that under this state all A, B and C commute and
hence we can add the operator W3 = kJ3 in the set of commuting observables
since we now know everything we associate σ with the eigenvalue of W3

W3|k;σ〉 = kσ|k;σ〉

which represents rotations around the axis of motion P3.
Note that the algebra of W under this massless state is NOT the full rotation

algebra. We only have J3 as a non-trivial operator. As we shall discuss the fact
that the full Lorentz group and hence the Poinraré group s doubly connected
means that rotations by 4π -not necessarily 2π- are congruent to identity which
simply means that σ = 0,±1/2,±1,±3/2, · · · .

Thus the massless representations with P 0 > 0 in the standard frame are
|M = 0, k;σ〉. Note that unlike the case of the massive particle we do not have
the full rotation group to label the states and thus all these representations with
different σ values are essentially DIFFERENT. Since in this massless represen-
tation W 3 = W 0 and since W 0 = ~J · ~P always we see that the massless states

are essentially represented only by the value of helicity h ≡ ~J · ~P/ ~P 0.
Show that one in this case write down

Wµ = λPµ

as acting on the state we have found. What is λ?
Now since under parity ~J → ~J and ~P → −~P one has W 0 → −W 0 and thus
helicity should invert signature. Thus if a theory is to be parity invariant it
must contain ±σ represenations with σ = 0, 1/2, 1, 3/2, · · · .
Argue that helicity is a meaningless quantum number for a massive particle.

The representation M2 < 0: The tachyon.
Since in this case Pµ is a space-like vector one can always find a frame such

that the only non-zero element is P 3 = M . Try to attempt this case as we have
done for the previous cases. This is an extra exercise in that it will earn you
bonus points if you resolve it successfully.
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