
KAKIst 2014-2015. Homework Assignment 6. Due Friday Nov 21’st.

1. Consider the following quantity

Bo[G] ≡ 〈0|T exp

(
i

∫
d4x G(x)φ(x)2

)
|0〉

where φ(x) is the spin zero single species field operator we are using.
The calculation will proceed using induction and Wick’s contraction rules

as we have discussed in lecture and provided in the second supplemental mate-
rial. The diagrams resulting will all involve loops. Do not mind about possible
divergences at this point, that is write the expression in terms of diagrams but
do not evaluate them.

Defining

Bo[G] = exp (Eo[G])

Find a diagrammatic series expression for Eo[G]. It will turn out to be lovely.
2. Cluster Decomposition of the two point function.
2a. Show that the identity operator in the full Hilbert space we have found can
be expressed as for the spin zero single species field (turned out bosonic) can be
written as

1 = |0〉〈0 +

∫
d3 ~p1 |~p1〉〈~p1|+

1

2!

∫
d3~p1d

3~p2 |~p1, ~p2〉〈~p1, ~p2|+ · · ·

That is hit this to states with zero, one, two, etc number of particles and
use the inner product defined to show that it returns the same state.
2b. Now consider the two-point function

A = 〈0|T {φ(x)φ(y)} |0〉

Since we have shown that for space-like separations φ(x)φ(y) = φ(y)φ(x) we
have

A = 〈0|φ(x) 1 φ(y)|0〉

Now use the expression for the identity operator to arrive at the following

A =

∫
d3~p 〈0|φ(x)|~p〉〈~p|φ(y)|0〉

Now use

φ(z) = e−iP
µzµφ(0)eiP

µzµ

where Pµ is the 4-momentum operator, generator of translations to show that

A =

∫
d3~peip(x−y)|〈~p|φ(0)|0〉|2

and thus

A = ∆p(x− y)

1



Now we know that the measure d3~p/2p0 is the same in all Lorentz frames
using this one can evaluate this integral in a frame where x0 = y0 and ~x−~y = ~r.
And thus we have

A =
1

(2π)3

∫
d3~pei~p·~rf(p)

with

f(p) =
1

p2 +m2

Recall Weinberg Eq.5.2.9 where the result of the integral is given. Now plot
this function in terms of r, It may be better to plot its logarithm to understand
this asymptotic behaviour.

Now consider the following object

W [J ] =

∫
dxdyJ(x)∆F (x− y)J(y)

Now assume that J(x) is defined on two non-overlapping compact supports
-regions- in space-time. So one can write J(x) = JA(xA) + JB(xB) meaning
that only one of JA or JB is non-zero for any given event. Show that the above
integral separates into two pieces

W [J ] = W [JA] +W [JB ]

This is cluster decomposition principle at work.
Now let us consider the other situation. Assume that in space there is a

compact support.
3. Now let us consider the following quantity

Avac→~p = 〈~p|T
{

exp(−iλ
∫
d4z J(z)φ(z))

}
|0〉

Which simply studies a transition from the vacuum to a single particle state
in the presence of an external current.

Now assume the following

J(x) = θ(t)θ(T − t)Jo
And calculate |A|2 up to (and including) the first order in λ. Interpret the

result you have found.
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