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Abstract
It is not always easy to find problems in classical mechanics that can be solved
with the use of knowledge in quantum mechanics. In this short note we present
such an example. The problem is that of a bead which is free to move on an
infinite rigid rod, where the rod is constrained to rotate with an increasing
angular speed. The bead is also connected to the center of the rod by a spring.
The question is to examine the whole set of solutions as time goes to infinity;
particularly focusing on the possibility of having vanishing radial position. We
humans are all equipped with instinctive intuitive knowledge about mechan-
ical systems because we live in a macroscopic world that their physics dom-
inates. Yet in the example we shall study, we will see that our generic intuition
might fail to predict a set of zero measure in the solution set. One might say
that our intuition is of course only based on generic situations.

Keywords: quantum mechanics, classical mechanics, mathematical
connections

It is not too wrong to speculate that physics—and science for that matter—education is a
rather complex undertaking where many fields of study have intricate relations in the stu-
dents’ and lecturer’s mind. Making connections between systems is an integral aspect of this
process. In fact it is the author’s belief that this particular item in the scientist’s arsenal is one
of the major tools to generate progress, and make a contribution to the structure of the
collection of ideas we have. The connections that one can find are not always central and most
of the time are only minutely away from trivialities. Yet students and lecturers like teaser
questions even though they do not necessarily advance science.

Let us assume that a bead of mass m is constrained to move without friction on an infinite
rigid rod that rotates with a prescribed angular speed w ( )t about an axis perpendicular to itself
that passes through its center1. Let us also connect the bead to the center of the rod with a
spring that has parameter º Wk m 2. For simplicity we assume that the spring has zero
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1 This is a variant of a well-known example from a well-known book. The problem with a constant ω and with no
spring can be found in [1, page 108, problem 2.33].
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equilibrium length. The radial equation of motion for the bead is simply

w- = -W( ) ( )r r t r¨ . 12 2

From the classical mechanical intuition that one gathers via everyday experiences and
undergraduate and graduate education, one will possibly argue that if w ( )t is an increasing
function without a bound the infinite time behaviour of the bead will diverge in r. This
intuitive reasoning will be based on the fact that the centrifugal force being increasing without
a bound there can be no help from the spring2.

So before going on let us ask the teaser question: are there solutions of the system
described above, for w ( )t an increasing function of t with a limit w > Wmax , such that the bead
goes to the center in the limit as time goes to infinity? To be specific at this point one can
assume the case w w=( )t to

2 .
We have chosen w w=( )t to

2 to be specific. That is the equation we are to solve is

w- = -W ( )r r t r¨ . 2o
4 2 2

I have conducted the experiment of asking the problem to some colleagues and students.
It is noteworthy how long it takes to make a connection with this particular problem to
another discipline in physics. Surely the main reason for this delay is that the problem is
formulated within classical mechanics where our intuition is—as we believe—the strongest.
This is connected to the fact that a physicist most likely does not see the equation but the
system that the equation describes; classical mechanical in this case. In my experience the
answer to the teaser question is invariably negative. Haste triggered by the classical
mechanical intuition is probably the main handicap. Considering the fact that the resolution
depends on a set of solutions to the equations of motion that has zero measure, this is certainly
justified: our intuition in classical mechanics pertinent to survival in the very world we have
to survive is mostly correct since it is actually based on generic situations. It is possible that if
people are warned continually about a connection to something they know from another field
the connection will be made faster. But as mentioned, this is clouded with the haste from
classical mechanical intuition. We shall speculate a bit more on the possible sources of the
possible misconceptions regarding the evaluation of this problem at the end of this
manuscript.

To keep the suspense short, after a contemplative period the equation will reveal its
connection: the problem is analogous to the eigenvalue equation of a harmonic oscillator in
one space dimension

 y w y w y-  + = +( ) ˜ ˜ ( ) ( )
m

x m x n
2

1

2
1 2 . 3

2
2 2

To make an exact match possible there has to be an exact fine tuning in the spring
constant, and hence Ω. The form of the fine tuning is

wW = +( ) ( )n2 1 . 4o
2 2

The connection with the original question, that is ‘to get back to the origin as time goes to
infinity’ is equivalent to the fact that the bound states satisfy the constraint that the wave
function vanishes at infinity; a natural consequence of current conservation and the
requirement that the state is stationary.

2 This example also illustrates a nice case where an addiction to using the idea of centrifugal force—or the use of
non-inertial frames of reference—may be a bit more problematic than usual.
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The even n states of the quantum harmonic oscillator will correspond to the =˙ ( )r 0 0 and
¹( )r 0 0 conditions for the classical problem. Since the equation is linear the particular value

of (r 0 is immaterial: if the fine tuning is perfect we can release the bead from any initial
displacement and the fact that the bead will converge to the origin in the infinite time limit.
Similarly the odd n solutions will correspond to ¹˙ ( )r 0 0 and =( )r 0 0 conditions for the
classical problem. Again the actual value of ˙ ( )r 0 is immaterial: if the fine tuning is perfect we
can kick the bead away from the center with any initial speed and the bead ends its motion in
the center.

Full list of solutions with r ð∞Þ ¼ 0

The connection we have made relied on the knowledge of the discrete spectrum of energy
eigenvalues for the quantum harmonic oscillator problem. However, the question remains if
there is a continuous spectrum of solutions depending on the initial conditions for which one
has arbitrary r(0) and ˙ ( )r 0 such that =¥ ( )r tlim 0t . To that end we will have to recall that
the equation of motion for r has been studied extensively and goes by the generic name of
Weber’s equation [2] where the solutions are parabolic cylinder functions. To bring
equation (2) to the standard form used in the literature let us perform the transformation

w=T t2 o . This will result in

- - = ( )r

T

T
r ar

d

d 4
0 5

2

2

2

where

w
= -

W ( )a
2

. 6
o

2

2

There are solutions [3] of this equations which have definite parity under T→ −T

= +-
⎛
⎝⎜

⎞
⎠⎟( ) ( )f a T e M

a T
,

2

1

4
;

1

2
;

2
even 7T

1
4

2
2

= +-
⎛
⎝⎜

⎞
⎠⎟( ) ( )f a T Te M

a T
,

2

3

4
;

3

2
;

2
odd 8T

2
4

2
2

where M is the confluent hyper-geometric function.
A basis best suited for the behaviour at = +¥t is given as follows

xp x xp x= G - - G -( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )U a T f a T f a T, cos 1 2 , 2 sin 1 , 91 2

xp x xp x= G - + G -( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )V a T f a T f a T, sin 1 2 , 2 cos 1 , 101 2

where x = + a1 4 2.
The function U vanishes at  ¥t whereas the function V diverges. Since a generic

solution can be written as a b+U V in view of the linearity of the equation, what we have to
do is to look for cases where b = 0: those solutions will necessarily vanish in the infinite
future. We can now find the relevant parameter of the system; the ratio

=˙ ( ) ( ) ˙ ( ) ( )r r U a U a0 0 , 0 , 0 . A simple analysis yields

p= -
G +

G
( ) ( )

( )
( )z y

y

y
cot

1 2
11
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where

w
=

˙ ( )
( )

( )z
r

r

0

2 0
12

o

w
= +

W⎛
⎝⎜

⎞
⎠⎟ ( )y

1

4
1 . 13

o

2

2

Note that since >y 0 one has G + G >( ) ( )y y1 2 0 always.

Discrete solutions

The solutions for equation (11) duplicate the previous connection we have made: there is a
discrete subset with =˙ ( )r 0 0 and another with =( )r 0 0, which gives the even and odd
energy eigenvalue connection with the quantum mechanical counterpart. For =˙ ( )r 0 0 we
look for p =( )ycot 0, which are satisfied for = +( )y k2 1 2 with Îk , and using (4) we
arrive at =n k2 . For =( )r 0 0 we look for p =( )ytan 0 that requires y = k with Îk
which, again using (4), will yield = -n k2 1.

Continuum solutions

However (11) also allows a continuum of solutions where ¹˙ ( ) ( )r r0 0 0. It is of course
expected, in view of the linearity of the equation, that only this ratio is important. One can see
that there will be a solution simply by realizing that the range of the function on the right-
hand side of (11) is the entire real number set. But this continuum yields solutions that do not
have definite parity under T→ −T and thus they diverge in  -¥T and hence yield
solutions which are not square integrable within the quantum mechanics context.

The way out of this keeping the ability to make a connection to a quantum mechanical
counterpart is to consider this continuum of solutions only valid for >T 0 with initial
conditions ¹˙ ( )r 0 0 and ¹( )r 0 0. In this case it is obvious that the quantum mechanical
counterpart is that of a system where the potential vanishes for x 0 but is given as an
increasing function of x for >x 0.

The physical connection we have to make to have a continuum of energy eigenvalues is
that this is a scattering problem where particles are injected from = -¥x . This will give us
complete freedom in choosing y ( )0 and y¢( )0 . Furthermore one can show that y y¢( ) ( )0 0
must be real and that the use of (11) is not denied3.

The point we are trying to make is the following: one could have guessed all those
solutions, from purely quantum mechanical intuition and experience in the face of the
intuition from classical mechanics that seems to force us to think otherwise. The discrete
solutions are the easiest ones one can come up with since we have the intuition that in a
confining potential the bound state energies are discrete. The others, seemingly only dawning
to ones mind a bit later, from scattering from a potential where the potential is monotonically
increasing towards positive x-axis and thus prohibiting any non-zero wave-function at

3 This comes from the fact that, since we are looking for full scattering back towards the negative x-axis, the total
current mush vanish everywhere. This of course is a direct consequence of our requirement that the wave function
vanishes at positive infinity. Assuming a solution for <x 0 in the form of y = +( ) ( ) ( )x A kx B kxcos sin , with

Îk , one can arrive at the following

*
*

y
y

= =
¢

Î
( )
( )

A

B

A

B k

1 0

0

by the constraint that the current vanishes. The use of plane waves arrives at the same conclusion.
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infinity. If someone is accustomed to think in terms of the current instead of the wave-
function they will most likely to come up with both types of solution a bit faster, since the
total current in each case is zero everywhere on the x-axis.

The constraint force

Since the original problem in the context of classical mechanics is two dimensional, the radial
equation is not the only equation to be considered. There is also the tangential equation which
will yield the constraint force applied by the rod to the bead, which is given as

w w= +q  ( )F m r r2 .

As is well known the moment of this force yields the change in angular momentum of the
bead

w=q ( )rF
t

mr
d

d
.2

We can calculate the angular work performed by this torque between t = 0 and = ¥t ,
with the condition that at t = 0 the angular velocity vanishes and that = ¥ =( )r t 0 and
monotonically increases as time goes by. Not specifying ω explicitly, this results in

ò= - <q
w

W m r w
1

2
d 0

0

2 2
max
2

where as we have previously declared w w= ¥ ( )tlimtmax .
It is understandable that this work is negative, because we demand that the bead should

end at the origin, obviously with zero velocity, and this is a configuration with zero energy
but at t = 0 the bead has positive energy in each case. Moreover this work must be a finite
quantity since initially the bead has finite positive energy.

The quantum mechanical analogue of this quantity is now easy to establish. It is pro-
portional to

ò y-
¥

∣ ∣ ( )
x

V x

x
d

d

d
.

0

2

Note that for the scattering analogues we took the potential to vanish for <x 0. The
quantity above is therefore the expectation value of the force created by the potential under
this state. Using the Ehrenfest theorem it can be associated with the impulse that the particle
receives from getting scattered. The analogy is similar in the bound state cases if one sees the
particle as going back and forth.

Generalizations and discussion

We have so far confined the explicit study to a particular choice of w ( )t in the classical
system. But in fact the analogies we have established will remain for all functions w ( )t which
are monotonically increasing, where this time we allow for a possible upper bound w > Wmax .
The discrete energy eigenvalues in the quantum mechanical counterpart system with

w«( ) ( )V x t 2 will now be finite in number. Since we know that there is at least a bound state
for any confining potential, we know that there will be at least one fine tuned solution; and
more depending on the choice of w ( )t . Similarly there are solutions to the bead system that
will have a quantum mechanical counterpart which is again a full scattering back problem
where we take the potential to vanish for <x 0 and w«( ) ( )V x t 2 for x 0.
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In all these cases, with the fine tuning in action, the bead will converge to the origin as
time goes to infinity even though as time goes by one has >r̈ 0 for an infinite duration. But of
course >r̈ 0 does not mean >ṙ 0. In fact to asymptotically approach the origin one really
needs >r̈ 0 and <ṙ 0.

In retrospect we can now utter that the very condition allowing bound states and full
scattering back problems in the quantum mechanical analogue system is w > Wmax . The
author believes that this, together with the possible misconception that >r̈ 0 implies >ṙ 0, is
the most likely source of the possible wrong answer to the teaser question raised at the
beginning where our intuition fails us to realize a solution set albeit of zero measure.

If we realize that the condition w > Wmax translates to the quantum mechanical analogue
problem as the existence of classical turning points the situation becomes a bit more
fascinating.

On the realization possibilities of the bead system

There are various objections one might raise to the possibility of a realization of the bead
system. First, one might object that there is a rod that has infinite length and this would
require infinite energy for the rotating agent. However since the equation is linear any finely
tuned solution can be realized using a finite length rod with the length in accord with the value
of the maximum of the wave function in the quantum mechanical analogue system. Second,
one might argue that no actual potential in a quantum mechanical system grows without
bound: even the harmonic oscillator is an approximation to realistic potentials with harmonic
minimum. This, in the bead system, will mean that w ( )t might increase, reach a maximum
and drop to zero in the large time limit. The considerations simply mean that we can realize
the bead system in a finite breadth of time and with a finite rod length. Thus these are not
essential.

The only essential objection is the fine tuning required in the bead system to capture the
analogue solutions of the quantum mechanical counterpart system. One can generally show
that these finely tuned solutions are not stable, in fact if they were our intuition would have a
much better chance in capturing them from the vast set of solutions. In general if the fine
tuning is not perfect the solution will diverge in finite time. We have performed an analysis of
this for the ground state solution of the oscillator and found that

t» -( )s exp 2 2

where τ, which is measured in units of w-
o

1, is the time it takes for the relative deviation of the
solutions to reach ten percent and s is the relative deviation in the fine tuning of the Ω

parameter. We see that the actual realization is severely limited.
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