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Abstract 

A purely algebraic theory based on the dynamical group SU(l,l) is used to treat perturbations to the SHO problem. In 
particular potentials of the form I/? and r2N are treated explicitly. 

I. The dynamical group SU(1,l) may be used as a spectrum generating algebra to solve the hydrogen, 3-D 
SHO and I= 0 Morse potential problems [l]. Perturbation calculations based on numerical methods have been 
previously used [2,3]. An algebraic approach to perturbation theory was introduced in a recent article [4]. The 
realization of the SU(l,l) generators involving a single arbitrary function G(r) is deformed by the transforma- 
tion G -+ G + g, where g(r) is a small correction. This small correction in turn modifies the potential function 
and the energy levels. Thus, the diagonal matrix elements of the perturbing potential are obtained, using the first 
order perturbation theory prescription that equates the energy correction to the expectation value of the potential. 
The hydrogen atom problem with G(r) =Ar was studied extensively with the results 151 

a:#- ‘A N+l 

(rN)= (?I+ l)! 
(N>, -l), 

(r-N> = -I_ 
at n”“(N-2)!(‘+i)~~~3il(l+l)-ij(ij+l)i 

(N>3), 

where a, is the Bohr radius, n is the principal quantum number and A, is the determinant of the D X D 

submatrix located at the upper left comer of the infinite matrix 

n -n[l(l+ l)] 0 0 . . . 

- l/n 3n -2n[Z(l+ 1) -s] 0 

0 -2/n 5n -3n[1(1+1) -21 

0 0 -3/n 7n 

0 0 0 - 4/n 

-i---- 
Deceased. 
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Here A,, = 1 and A _ 1 = 0 may be used with impunity. The tridiagonal form of the above matrix enables us to 
derive the following recursion relation for N > 0, 

A N+l = (2N+ l)nA, -N2[1(1+1)-(;N-+)($N+;)]AN_l. 

Finally the recursion relation for ( r N ) which is valid for all N, positive or negative, is obtained, 

~(rN’1)=(2N+3)(rN~-a,(N+l)[l(I+1)-~N(~N+l)](rN~1). 
n%zo 

Thus, the expectation values of all powers of r may be obtained starting with the knowledge of ( r” > = 1 and 
( rF2) = l/azn3(1 + $-). 

2. The same procedure, outlined in Ref. [2], may be applied to the 3-D SHO problem with H =p2/2m 
+ imw2r2 and G(r) = Ar2. The corresponding results are 

(r2N)z k$ (N>, O), 

ANd,_ 1 

(r-2N’= (N-1)!(1+$)n~~~[Z(I+l)-(j+i)(j+$)] 
(N>2), 

where h = mw/fi, n is the principal quantum number and A, is the determinant of the D X D submatrix 
located at the upper left comer of the infinite matrix 

(n+ ;) -[1(1+ 1) - :] 0 0 . . . 

-1 3(” + +> -2[1(1+ 1) -Y] 0 

0 -2 S(n + 3) -3[1(1+ 1) - F] 

0 0 -3 7(” + 3) 

0 0 0 -4 

Here A, = 1 may be used with impunity. The tridiagonal form of the above matrix enables us to derive the 
following recursion relation for N > 1, 

A N+l =(2N+l)(n+~)AN-N2[I(I+1)-(N-~)(N+~)]~N_1. 

Finally the recursion relation for ( r2N) which is valid for all N, positive or negative, is obtained, 

h(N+ l)(r2N+2) = (2N+ l)(n+ i)(r”“) - r[l(l+ 1) -(N- $)(N+ $)](r”“-“). 

Thus, the expectation values of all even powers of r may be obtained starting with the knowledge of ( r”) = 1 
and ( re2 > = A/( 1+ $1. 

The expression for ( r2 N > may be meaningless for noninteger N, since the formulas involve the determinants 
of N X N and (N - 1) X (N - 1) matrices. Our guess, however, is that the recursion relation is valid for all 
powers. This conjecture has been tested for at least the ground and first excited state expectation values. 
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